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Abstract. In this paper, wc prove the "local e-isomorphism" conjecture of 
Fukaya and Kato [FK06] for a particular class of Galois modules obtained by 
tensoring a Z p -lattice in a crystalline representation of Gq p with a represen- 
tation of an abelian quotient of Gq p with values in a suitable p-adic local ring 
R. This can be regarded as a local analogue of the Iwasawa main conjecture 
for abelian p-adic Lie extensions of Q p . We show that such an e-isomorphism 
can be constructed using the Perrin-Riou regulator map, or its extension to 
the 2-variable case due to the first and third author. 
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1. Introduction 

1.1. Aims. In this paper, we prove a special case of the "local e- isomorphism con- 
jecture" of Fukaya and Kato (Conjecture 3.4.3 of [FK06]). This conjecture asserts 
the existence of a canonical trivialization of the determinant of a cohomology com- 
plex associated to any representation M of the Galois group Gq p = Gal(Q p /Q p ) 
with coefficients in a p-adically complete local ring R, which should be compatible 
with a specific "standard" trivialization of the corresponding complex for repre- 
sentations with coefficients in finite extensions of Q p obtained by specializing M 
at ideals of R; this "standard" trivialization contains information about the e- 
factor of the corresponding Weil-Deligne representation, hence the terminology 
"e-isomorphism" . 

The main result of this paper is a proof of this conjecture for a specific class of 
modules M: we consider the case where M is obtained by tensoring a lattice in a 
crystalline Galois representation with an i?-linear representation of the abclianiza- 
tion Q = Gal(Qp b /Q p ). This specific instance of the local e-isomorphism conjecture 
can be thought of as a "local Iwasawa main conjecture" for T over the extension 

Qf/Qp. 
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The key ingredient in the construction of the local e-isomorphism is the two- 
variable regulator map introduced by the first and third authors [LZ11]. Essentially, 
the local e-isomorphism is obtained by taking the determinant of the two- variable 
regulator, after dividing out by certain correction factors determined purely by the 
Hodge-Tate weights of the Galois representation. The details of the construction 
are slightly tortuous, so we give an outline below. 

In particular, our results generalize those of [BB08] (and contain independent 
proofs of those): via the usual functorial properties of determinants, our results im- 
ply the conjectures Ciw(K(fJ, p ^)/K, V) and Cep(F/K, V) of loc. cit. for all finite 
subextensions Q p C K C F C Qp b . However, we also obtain compatibility with 
the standard e-isomorphisms for unramified characters which are not necessarily of 
finite order, a case which is not considered in [BB08]. 

1.2. Outline of the paper. In sections 2.1-2.3 we fix notation, recall the for- 
malism of determinants used in the formulation of the conjecture, and recall some 
definitions and results concerning e-factors of de Rham representations. In section 
2.4 we describe the "standard" e-isomorphism, for representations with coefficients 
in a finite extension of Q p , with which the general e-isomorphism is required to be 
compatible. In section 2.5 we give an alternative, more convenient description of 
this isomorphism in the cases relevant to us. 

In section 3 we recall the definition and properties of the cyclotomic regulator 
map and of the two- variable version defined in [LZ11]. Some of the formulae we need 
for these maps are a little stronger than those that can be found in the literature, 
so we give the proofs of these formulae in appendix A. 

In section 4 we construct our determinant isomorphism for the "universal" case 
when R is the Iwasawa algebra of an abelian p-adic Lie quotient G of Gq p . Wc 
begin (in section 4.1) by constructing an isomorphism of determinants over a rather 
enormous ring (the total ring of quotients of the distribution algebra of G); in section 
4.2 we show that this descends to the Iwasawa algebra (but only after inverting p). 
The final descent to an isomorphism over Aq{G) is accomplished in section 4.3. We 
then obtain isomorphisms for more general R by (derived) base change. 

Section 5 deals with the compatibility of our determinant isomorphism over 
Aq(G) with the "standard" isomorphisms for V and all of its twists by de Rham 
characters of G. We divide up the set of characters into classes depending on V, 
which we refer to as good, somewhat bad, and extremely bad; we deal with each of 
these classes separately. The first two cases can be handled by direct computation 
using the properties of the one-variable and two-variable regulator maps; for the 
extremely bad characters, we use induction on the dimension and the results of the 
second author in the case of one-dimensional representations (cf. [Vcnl3]). 

2. Preliminaries 

2.1. Notation. Let p be an odd prime. For any p-adic analytic group H without 
p-torsion, and L a complete discretely valued extension of Q p with ring of integers 
O, we write Ao(H) and Al(H) = L®Ao(H) for the Iwasawa algebras of H with O 
and L coefficients, and Hl(H) for the algebra of L- valued distributions on H . We 
shall only use these constructions in cases where H is abelian and p-torsion-free, in 
which case all of these algebras arc reduced commutative semi-local rings, and can 
be interpreted as algebras of functions on the p-adic analytic space parametrising 
characters of H. 

We shall also need the notation K,l{H), signifying the total ring of quotients of 
Hl(H), which is a finite direct product of fields. 



LOCAL EPSILON ISOMORPHISMS 



3 



Let Qp.oo = Qp(/ip°°) and T = Gal(Q P;00 /Q p ), and let \ : T — > Z* be the 
cyclotomic character. For j <E Z, we define the element £j of 'HQ p (r) by 

_ Jog(7)_ 

3 logx(7) 3 

for any non-torsion element 7 6 T (the element ^- is independent of this choice). We 
also fix a norm-compatible system of p-power roots of unity £ — (£ n )„>i G Q p .oo- 
If /i £ '^^(r). and 77 is a character of T, we define f/(rf) by 

^) = lm^ )8) "^ ) , 

s->0 s 

where (.} denotes the projection Z* — > 1 + pZ p . This limit exists for all /x, and we 
have 

(1) fji'ir,) = Jv(r) log X(r)d/i(r). 

If zx is not a zero-divisor, we may define fi* (rj) to be the value of the lowest non- 
vanishing derivative of /x at r. 

We write 7_i for the unique element of T such that x(7-i) = — 1. 

2.2. K-theory and determinants. Let R be a ring. We define Ko(R) and Ki(R) 
in the usual way, as in [FKOG, §1.1]. If R is commutative, then there is a canonical 
surjective map K~i(R) — > R x , and the kernel of this is the special Whitehead group 
SKi(R). 

The following statements are well known: 

Proposition 2.2.1. Let L be a complete discretely valued subfield of C p and O 
its ring of integers. Then for any p -torsion- free abelian p-adic Lie group G, the 
Lwasawa algebras Al(G) and Aq(G) have trivial SK\. 

Remark 2.2.2. We do not know whether, in the above setting, the distribution 
algebra %l{G) also has trivial SK\. If this were true, it would allow certain 
arguments below to be shortened somewhat. 

For R a ring, let Ch(i?) per f denote the category of perfect complexes of i?-modules 
(chain complexes quasi-isomorphic to a bounded complex of finitely-generated pro- 
jective R- modules). We denote by Det(-R) the category denoted by Cr in [FK06], 
which is equivalent to the universal Picard category for the category of finitely- 
generated projective i?-modules. 

We denote by Det the canonical functor Ch(i?) pcr f — > Dct (R). This factors 
through the derived category D(R) pcl f of perfect complexes. 

2.3. Epsilon-factors. We recall the definition of e-factors associated to represen- 
tations of the Weil group of Q p , for which the canonical reference is [Del73]. These 
are constants 

e E (Q P ,D,ip,dx) e E x 
where E is a field of characteristic containing zx p oo, ip is a locally constant E- 
valued character of Q p , dx is a Haar measure on Q p , and D is a finite-dimensional 
i?-linear representation of the Weil group W(Q p /Q p ) which is locally constant 
(i.e. the image of the inertia group I(Q p /Q p ) is finite). 

Following [FKOG, §3.2], we shall restrict to the case when dx is the usual Haar 
measure giving Z p measure 1, and if) has kernel equal to Z p ; the data of such a 
character ip is equivalent to the data of a compatible system of p-power roots of 
unity £ = (£ n )n>i, via the map sending if) to y^{p~ n )) >x - Since dx and Q p are 
fixed, and ip is determined by £, we shall drop them from the notation and write 
the £-factor as ee(D,£). 
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Remark 2.3.1. Note that our conventions here, which were chosen for compatibility 
with [FK06], differ slightly from the conventions of [LZ11], which were chosen for 
compatibility with [CFK+05]: in [LZ11] we defined e-factors using the additive 
character mapping p~ n to £~ , which is more convenient for global purposes. 

We are interested in the case when D = D ps t(W) for a de Rham representation 
W of Gq p , with the linearized action of the Weil group given as in [Fon94] . If W 
is an L-linear representation of dimension d, for L a finite extension of Q p , then 
Dp S t(W) is naturally a free module of rank d over ®q p L, and we may obtain 
the necessary roots of unity by extending scalars to Q p ®q p L; but this is, of course, 
not a field but rather a finite product of fields indexed by cmbcddings / : L > Q p . 
Following [FK06, §3.3.4], we define 

e L (T> pst (W),0 = (q„ ®(L8Q ?>/ ) D p8t (W),e)) G (Q p ® Qp L)* = ]JQ*. 

f 

Any such character can be uniquely written as 77 = x'VoWii where j G Z, 7/0 is a 
finite-order character factoring through T, and r\\ is an unramificd charater. 

Proposition 2.3.2. The junctor D pst has the following properties: 

• it commutes with tensor products; 

• ifVis crystalline, then the linearized action o/Wq p on D ps t(V) = Qp r ®Q p 
D cr i s (V) is unramified, and the action of arithmetic Frobenius a G Wq p /Iq p 
coincides on D cr i s (V) with the inverse of the crystalline Frobenius; 

• if rj is finitely ramified, then Wq p acts on D pst ,(?7) via the character rj; 

• if V = X, then Wq p acts on D pst (?7) via the unramified character mapping 
arithmetic Frobenius to p. 

Proof. The compatibility of D pst with tensor products follows from the correspond- 
ing statement for D st , which is standard. The remaining statements follow imme- 
diately from the definition of the linearized action of the Weil group on D pst . □ 

Proposition 2.3.3. Let rj be a de Rham character of Gq p with values in L. Write 
V = VoViX 1 f or some finite-order character r/Q ofT of conductor n, some unramified 
character rji, and some j G Z. Then we have 

£i (D pst (L(r ? )),0 = Vi(<7)- n p- nj T(V0,O, 

where a denotes the arithmetic Frobenius of Gal(Qp'/Q p ) and the Gauss sum 
t(?70)£) * s defined by 

r(r?o,0 : = E '»(<0~ 1 £- 
7er/r„ 

Proof. From the previous proposition, the action of Wq p on D pst (L(^)) is given 
by the character of Wq p whose restriction to Gal(Q p /Q p r ) coincides with 770, and 
which takes the value r/i (a) on the arithmetic Frobenius element of Gal(Q p r (/Lt p oo)/Q p (/j p oo)). 
Thus we may apply property (7) of local e-factors in [FK06, §3.2.2] to see that 1 

e L (T> pst (L(n)),0 = m (ar n p~^r( Vo ,0 = r, 1 {a)- n p-^e L {L{ m U)- 

□ 



lr There appears to be a minor error in [FK06] in item (7) of §3.2.2: the factor x( r ) n ls n °t 
well-defined, since r is chosen as an arbitrary element of VK(Q p /Q p ) such that v(t) = 1, so r is 
only determined up to multiplication by an element of 7(Q p /Q p ); one needs to assume that t 
acts trivially on Q p ,n- With this modification, the formula is correct modulo a sign error: the 
factor x( r ) n should be x( r ) _ "i as onc sccs by comparison with (5). 
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We shall write f° r £ L(D P st(L(rj), £)); this should not cause confusion, 

since e£(D p8t (i(r/), ^)) agrees with £l(L(t]),£) whenever the latter is defined. 

Proposition 2.3.4. Let V be a d- dimensional L-linear crystalline representation of 
Gq p , and let rj be a de Rham character of Gq p with values in L. Write r\ = rjorjix 1 
as in the previous proposition. Then we have 

e L (D pst (V(77)U) = e L (v,O d ■ det L {<p : D cris (F) -> D cris (y))" . 

Proof. Using the property (5) of e-factors stated in [FK06, §3.2.2], we have 

e L (r> pBt (V(r))),{) = e L (D pBt (V) ® Q? ® L D pst (L(r?)),0 

= e L (D pst (L(t,)) , d ■ det (q „ 8i) (a- 1 : D pst (V) -> D pst (V)) n 

= e L (B pst (L(n)),O d • det L ( V? : D cris (F) -> D cris (V))" 

since the arithmetic Frobenius er on D ps t(V) acts as the inverse of the crystalline 
Frobcnius ip on D cr ; s (U). □ 

2.4. Epsilon-isomorphisms for de Rham representations. Let V be a de 

Rham representation of Gq p with coefficients in a finite extension L/Q p . Let 

L = L (g>Q p Q° r , and let £ = (£n) n >o be a compatible system of p-power roots of 
unity as before. 

Then Fukaya and Kato have shown in [FK06, §3.3] how to construct a canonical 
isomorphism 

e L ,dV) : Det £ (0) -=* L ® L {Det L (i?r(Q p , V)) • Bet L (V)} . 
This isomorphism is defined as a product of three terms 
(2) e L>t (Y) = T L (V) ■ e LtitdR (V) ■ Ol(V), 

where 

L {V) : Deti(O) — Det L (RT(Q p ,V)) • Det L (D dR (U)), 

£L,tM V ) : L ®£ Det L (D dR (y)) — Z ® L Bet L (V), 
T L (V) G Q x . 

As it will be important for the remainder of the present paper, let us recall in 
detail the definitions of these terms. 

Firstly, we define Tl(V), which depends only on the Hodge-Tate weights of V. 
For r G Z let 

n(r) = dim£gr~ r D dR (F), 
so n r is the multiplicity of r as a Hodge-Tate weight 2 of V. We define 

J(r-l)! ifr>0, 
the leading coefficient of the Taylor series of T(s) at s = r. Then 

FlOO = nr*(r)-" (r) . 

Secondly, we define £i,£,dR.(U). Let e i (D pst (l / ), £) 6 Q p <X>q p L be the e-factor 
of D pst (V), as defined in the previous section. Then £i(D pst (V), £) clearly lies in 
(g)Q p L, and it transforms under T via 

a ■ s L (D pst (V),0 = e(D pst (F),r) = 7?(a) £i (D pBt (^),0, 

2 We adopt the convention in this paper that the Hodge-Tate weight of the cyclotomic character 
is 1. 
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where ij is the finitely-ramified character by which Gq acts on det(V)(—w), where 
w = J2n i: and a is the unique lifting of a to Gal(Q p r (/x p °o)/Q p r ). 

If we let t denote the element log([£]) of BdR, then it follows that multiplying 
by t w s L (D pst {V),£) defines an isomorphism L® L Det L (D dR (F)) -» L® L Dct L (V) 
(regarding both as submodules of BdR ®q p Det(V)), and we take this to be the 
definition of £L,£,dR(V). 

Thirdly, we define 0l{V). The general definition is rather complicated. Let 
C(Q P , V) be the complex of continuous cochains with values in V (so i?r(Q p , V) 
is the image of C(Q P ,V) in the derived category). Then Cf(Q p , V) is a certain 
subcomplex of C(Q P ,V) which is nonzero only in degrees and 1, and whose 
cohomology in degree is H°(Q p , V) and in degree 1 is Hj(Q p , V). Hence 

Bet L C f (Q p ,V) = {Bct L H a (Q p ,V)} • {Dct L H}(Q P , V)}' 1 . 
The fundamental exact sequence 

(3) -> H°(Q P , V) -> D cris (V) D cri8 (F) © t(V) -> #}(Q P , F) -> 

gives rise to a quasi-isomorphism 

C f (Q p ,V) s* [D cris (V) D cris (F) ®t(V)}, 

where t(V), the "tangent space" of V, is defined as T> dR (V)/ Fil° D dR (F). This 
gives an isomorphism of determinants 

r/(Q p , V) : Deti(O) -> {Det L C>(Q pj V)} • {Dct L t(V)} . 

We also have a corresponding isomorphism r?(Q p , V*(l)). Furthermore, there is an 
isomorphism 

* f (Q p ,V) : C f (Q p ,V) S (C(Q P ,^(1))/(C / (Q P ,^*(1)))* [-2]. 
On homology groups this says that 

#°(Q P ,^)* = # 2 (Q P ,V-(i)) 



«/(Qp,V*(1)). 

Also, there is a canonical exact sequence 

(4) - t(V*(l))* D dR (V0 » t(V) ► 0, 

arising from the compatibility of the functor D dR (— ) with tensor products and the 
canonical isomorphism D dR (Z(l)) = L. Putting all of these together, we have an 
isomorphism 

L (V) : Dct L (0) - Dct L i?r(Q p , V) ■ Dct L T> dR (V) 

defined by 

v(Qp, V) ■ MQ P , v^i))*}- 1 • {Dct L * /(Qpj ^(l))*}- 1 . 

This completes the definition of the Fukaya-Kato e- isomorphism £l,z(V) for a 
dc Rham representation V. 

For future reference, we observe that the objects defined in this section are well- 
behaved in short exact sequences: 

Lemma 2.4.1. Suppose that we have a short exact sequence 

*■ V' V V" 

of crystalline representations of Gq p with coefficients in a finite extension L of Q p . 
Then 
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• e L {v) = e L (V)-e L (v"), 

• T L (V)=T L (V')-T L (V"). 

Proof. The equalities e L ^ dR (V) = e£,{,dR(V) • £L, e ,dR(^") and r L (V) = ^(V) • 
Fl(V") are true by construction. Recall that 6l(V) is defined as 

V(Q P , V) ■ MQ P , ^(l))*}" 1 • {Dct L %(Q P , V(l))*}- 1 . 
It follows from tedious diagram chasing that each of the factors is multiplicative in 
short exact sequences, which implies the result for Ol(Q p , V). □ 

Remark 2.4.2. The statements for eL,£,<m(V) and Tl(V) are clearly also true for 
de Rham representations. However, the statement for 9l(V) is less clear in this 
generality, since the sequence 

(V) * D cri8 (F) - D„ is (V") 

is not necessarily exact in this case. Of course, if all of the V'a are purely non- 
crystalline (in the sense that their D cr i s is zero) then we evidently have such an 
exact sequence, and the result holds in this case too. 

As a corollary, we obtain the following result: 

Proposition 2.4.3. Under the same assumptions as in Lemma 2.4-1, we have 

e L4 (V)= SL ,dV')-e L , c (V"). 

Proof. Immediate from Lemma 2.4.1 and (2). □ 

2.5. Two special cases. In this section we'll give a different description of the 
isomorphism 9l(V) when V is either purely crystalline or purely non-crystalline, 
which are the only two cases we shall need to consider. 

Recall that the dual exponential map expg : H 1 (Q P ,V) ►■ Fil°D dR (V) 

is defined by the commutativity of the following diagram 



(5) 



hHq p ,v) 



( , h 



L. 



cx PQ P ,v*(i) ex PQ P ,v*(i) 

D dR (y) x D dR (y*(i)). 

The involved pairings induce isomorphisms 

i, v : H\Q P ,V) -> ^(Qp, h i ^ (h, -) v , 

i>y !/} : H 1 (Q p ,V)/H}(Q p ,V) -> H}(Q P ,V*(1))*, [h] H- (h,-) v , 
ipvj : i? 1 (Q P ,^*(l))/i/}(Q P ,y*(l)) H}(Q P ,V)*, [h] ^ (-,h) v , 
^ DdR(y) : D dR (V) -> DdR(V*(l))*, d ^ [d, -} v , 



and 

^Pii°D dR (y) :Fil°D dR (F)^i(V*(l))*, d^[d,-] v ,. 
Hence, exp^ v*(i) lSl ^ ne com P os ite 
(6) 

H\Q p ,V)/Hj(Q p ,V) H}(Q P ,V*(1)T t^T^L D dR (y*(l))* Fil° D dR (y). 

Proposition 2.5.1. IfV is a de Rham representation such that D cr ; s (V) = D cr ; s (V*(l)) = 
0, then we have 

H°(Q p ,V) = H 2 (Q pi V)=0, 
Hl(Q p ,V) = H}(Q P ,V) = HUQ P ,V), 
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and the morphism 9l{V) is given by 

Dct L ( log V ■ HfiQp, V) — DdR ^? : 
V Qp f Fil°D dR (V) 



■De. i (-cxp 5 ,,, (1) :f^^-Fil»D dR (V') 



Proof. Since the complex Cf(Q p ,V) is reduced to Hj(Q p , V)[l], the isomorphism 
J?(Qp, V) is the map induced by log QpjV . Similarly, ry(Q p , V*(l))*-Det L */(Q p , V*(l))* 
is induced by the map 



^Filo DdR( y) ° ( cx PQ P ,v*(i)) °^v*(i)j 



cx Pq P ,V*(i)> 



where the last equality follows from comparison with (6) and taking into account 
that Vv*(i),/ = — Vv,// by the skew-symmetry of the cup-product. □ 

Proposition 2.5.2. If V is a crystalline representation such that D cr i B (V)*' = 
D cris (V r )*'= p_I = 0, then we again have H°(Q p ,V) = H 2 (Q p ,V) = 0,H}{Q P ,V) = 
Hf(Q p ,V) = Hg(Q p ,V), and the morphism 0l(V) is given by 

Dct L ((1 - tp)(l - p~ V" 1 )" 1 = Dcris(V) - D cris (F)) 



Proof. Since (1 — ip) is invertiblc on D cr ; s (V), there is a natural morphism of com- 
plexes between C/(Q P , V) and the corresponding complex with (1 — <p, 1) replaced 
by (1 — ip, 0), which is a chain homotopy and hence induces an isomorphism on 
determinants; and similarly for C/(Q P , V*(l)). The proof now concludes via the 
same argument as in Proposition 2.5.1. □ 

To handle the bad cases when V is crystalline but the hypotheses of Proposition 
2.5.2 are not satisfied, it will be convenient to introduce a slight modification of the 
exponential and dual-exponential maps. 

Definition 2.5.3. For V a crystalline representation, let 

. D cris (V) s Trim m 

exp ^ : FP 5 ^ ~ fiQp ' v) 

be the map obtained by restricting the boundary map of the fundamental exact se- 
quence (3) to the summand D cr i s (V) C D cr i s (F) ®t(V), while we write logq y for 
its inverse. 

Remark 2.5.4. The map 

eSpq P ,y © ex Pq P ,v : Dcris(^) © t(V) H}(Q P> V) 

(which is just the boundary map of (3)) is the map denoted by expy f in [PR99] 
(see p. 231). 

It is clear that the kernel of expq p v is exactly the subspace (1 — ip) Fil D cr i s , 
and we have 

( 7 ) ™&Q P ,v o{l-ip) = - exp Qp y . 

However, expq^ y may be non-trivial even when expq p v is the zero map, as the 
following example shows: 
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Proposition 2.5.5. If V = L is the trivial representation, then for any x G V = 
Deris (V') , ScpQ p v( x ) * s ^ e e/ement o/Hom(GQ p ,i) which is trivial on inertia and 
maps the arithmetic Frobenius to —x. 

Proof. It suffices to assume x = 1. By Hensel's lemma there exists y E O = W(F p ) 
such that (1 — tp)y = 1, where ip is the arithmetic Frobenius. Since O is ((p, Gq )- 
equivariantly a submodule of B^ is , the class expg y(x) is given by a M> [a — l)y, 
which is clearly unramified and maps the arithmetic Frobenius to —1. □ 

We define 

to be the transpose of expq p v^Ci)) by ^ ne analogue of diagram (5). By construction, 
we have 

(8) exp* QpV , {1) = -(1 -p-V^expq^y.ti), 

since (1 — p -1 ^ -1 ) is the transpose of (1 — <p). 

Definition 2.5.6. We define the following subspaces of H l {Q p , V): 

• The space H^(Qp, V) is defined by 

BI(Qp,V) = {x € H\Q P ,V) :Sp^ iV . (1) (x) eD^ 1 } . 

By construction, this contains the kernel o/expQ p v*(i)> which is Hj(Q p , V). 

• The space 7J^(Q p , V) is defined by 

bK P ' \ /V P ; Qp ' v ; (l-^)Fil°D cris (V) J 

We now note that cxp>Q p v{i) defines an isomorphism 

D cris (F)^ =1 n (i - p- V" 1 )" 1 Fii° D cris (y) 



=D cris (^)^ 1 nFil° D cris (F) 

=J ff°(Q p) y). 

On the other hand logq p y gives an isomorphism 

Hj(Q P ,V) * D cris (V) 



^(Qp, V) (1 - p-i<p-i)T>„ is (V) + (l-<p) Fil° D cris (V) 

which Tate duality identifies with H°(Q P , V*(l))* = H 2 {Q p , V). 
We therefore have the following isomorphisms: 

(9a) 

-(1 - ^)Sp Qj) , v . (1) : gljq^j — (1 - - P" V" 1 )- 1 Fil° D cris (F) 

(9b) -^.v(d= m^y — ^(Qp.^) 



( 9c ) 1o Sq^ : Ji)<<\n -^~H 2 (Q p ,V) 

(9d) 



,00 



(i-p V ) Hi-'PJF 1 ! D cris (y) 
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For future use we note the following corollary of these isomorphisms: 

Corollary 2.5.7. Let V be crystalline. Let s(V) denote the quotient of D cr i s (V) 
given by 

S(V) := Deris (^) 

(l-^a-p-v- 1 )- 1 ^ ^^) 

Then we have 

dims(V) = dimi(V) + dimi/°(Q p , - dimH 2 {Q p ,V), 
where t(V) = D dR (l/)/ Fil° D dR (l/) S D cris (V)/ Fil° D cris (V) as above. 
Proof. From the isomorphisms (9a) and (9b), we have 

dims(V) + dimi/ 2 (Q p , V) = dimF)(Q p , V). 
However, the exactness of the sequence (3) shows that 

dimif)(Q p , V) = dimt(V) +dimF°(Q,,,F). 

Combining these gives dims(F) = dimi(V) + dimif°(Q p , V) — dimH 2 (Q p , V) as 
required. □ 

As promised above, we can use the isomorphisms (9a)- (9d) to give a simpler 
expression for 9l(V). 

Theorem 2.5.8. The isomorphism 

Deti(0) Dct L RT(Q P , V) • Det L T> clis (V) 

defined by composing the determinants of (9a) -(9d) coincides with the isomorphism 
Ol(V) defined above up to the factor (— l) dlmi -( 1/ ) . In particular, if H°(Q p ,V) — 
H 2 (Q P ,V) = 0, i-e., Hl(Q p ,V) = H£(Q p ,V) = H}(Q p ,V), then 6 L (V) coincides 
with the isomorphism defined by 



Dct 



(1 - ^)Scp^, y , (1) : gl g^j — (1 - - P~ V" 1 )- 1 FU° D cris (V) 



•Det 



-1 — , ul/r\ cris(V) 



-(l-p-^)- L log Qp , v :H}(Q p ,V) 



(1 -p-V" 1 )-^! - </?)Fil°D cris (V)_ 



Remark 2.5.9. Note that this result extends Proposition 2.5.2, because of equations 
(7) and (8). 

As the proof of this theorem requires some rather elaborate diagram-chasing, we 
shall not give it here but relegate it to Appendix B below. 

3. Regulator maps 

3.1. The cyclotomic regulator map. For any de Rham character r\ of T (with 
values in L) we write : TL(T) — > L for the L-algebra homomorphism which sends 
g G r to r)(g), and similarly for A(r). Then we have the two projection maps 

pr,, : H(T) ® m Hl(Q p ,V) » L ® A(r)>7rt) Hi w (Q p ,V) » H^Qp, V^r/" 1 )) 

sending h®x to ir ri (h) l Six followed by the canonical map (arising from the associated 
spectral sequence) and where the tensor product is formed via ir v as indicated; 

U{Y) ® Qp D cris (V) * L ®u(T)^ H(T) ® Qp D cris (V) L ® Qp D cris (V) 

sending h<S)d to ir v (h)®d. We also write z(rj) for the image of z G "H(r)(g)Q p D cr i s (V) 
under the latter map. 
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We now let V be a crystalline representation, with all Hodge-Tate weights > 0. 
We shall write HI w (Q Pj00 ,V)q for the submodule of Hi w (Q p>00 , V) whose image 
under the Fontaine isomorphism 



is contained in the Wach module N(V). By the results of [Ber03, Appendix A], if V 
has all Hodge-Tate weights > 0, then the quotient i/j w (Qp j0O , V^)/-ff I 1 w (Q Pj00 , V)o 
is identified with 



c 



v, 



N(V)^ =1 

and in particular if V has no quotient isomorphic to Q p , then Hi w (Q p qq, V)q = 
Hl(Q Pi00 ,V). 

Theorem 3.1.1 (Perrin-Riou, Berger). Let V be a crystalline representation of 
Gq p with all Hodge-Tate weights > 0. Then there is a homomomorphism o/A^F)- 
modules 

C T VA : tfxUQp.oo, V) * H L (G) ® L T> clis (V) 

whose values at de Rham characters rj are given by the following formulae. Let 
W = V^]^ 1 ), and let rj = x^Vo with j G Z and tjq a finite-order character of 
conductor n. 

(1) If t/q is non-trivial, with conductor n > 1, then 

(2) If r/Q is trivial, so rj = x 3 , then 

(1-p V )£ vf (a;)(r/) =T (l+j){l-p> ip) ( ^*> w K > . 

\}°%q p M x v) ®* e i ^ 

In the above theorem ej denotes the basis of Q P (j) given by [(£ ra )n>i]® J ; and t 
the element log([£]) of B cr i s . (Thus both t and ej depend on the choice of £, but 
i~ J ej G D C ns (Qp(i)) does not 

Proof. Well-known; for a proof of the special value formulae in this form see 
e.g. [LZ 11, Appendix B]. □ 

The presence of the factors (1 — p^tp) and (1 — p^ 1 ^^ ip^ 1 ) is awkward for our 
present purposes, since they may fail to be invertible. Wc will therefore use the 
following strengthened version of the formulae of Theorem 3.1.1, using the map 
exp* introduced in §2.5 above. 

Theorem 3.1.2. For any j > we have 

c^(x)(x j ) = -r*(i +i)(i -pi?) [&PQ,,vv+j)M 

Proof. See Theorem A. 2. 3 in the appendix. □ 

From the above results we see that if rj has Hodge-Tate weight > 0, then 
Cy^(x)(rj) = if and only if x v G i/j(Q p , V^r/ -1 )) when rj is non-crystalline, 
and if and only if x rj G i/*(Q p , Virf 1 ^) when r\ is crystalline. In this case we have 
a formula for the derivative of C v ^(x) at rj: 

Theorem 3.1.3. Suppose x G H^ w (Q p , 00 , V)o satisfies £ v (x)(ij) = 0, where n has 
Hodge-Tate weight j > and conductor n. 
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(1) If n > 1 , then we have 

C T v (x)'(r j )=T*(l+ ] )e L {i 1 -\-^ n [logg^^-^) ® t~'t 

(2) If n — 0, so r\ = x° > an d H (Qp, V{— j)) = 0, then we have 



(mod tp n Fir 3 D c 



ZvAxYW = -r*(i + j)(i -p- 1 -^- 1 )- 1 



log 



Qp,^(-i 



(mod (1 -p j (p)Fir j T> c 
We note also the following twist-compatibility property: 
Proposition 3.1.4. The regulator maps for V and V(l) are related by 

c v(i)A x ® ei ) = £ ° ' (^x- 1 0)) *~ lei ) • 

Proof. Recall that the regulator is defined by 

C^(y) = m- 1 ((l-<p)y), 
where 071 is the Mellin transform H(T) 

j/i=i 



(B+ g . Qp )^=°, and 



We have the identity 

for / £ B~t g q , where d is the differential operator (1 + 7r)^. Consequently we 
have 

a; ® ei = ^(d^x) ® t~ x e\ 
for any .t € (B^ g Qp ® D cr i S (V))^ =0 . But 9 corresponds under 9JI to Tw x , so 
applying 9Jt — 1 to both sides of the above we have 

W\T 1 (x®ex) = f Tw r i (pJ\T 1 (x)) ®i _1 ei. 

^rig q p ® D cr i s (V") J gives the claimed formula. □ 

Remark 3.1.5. One can also see this twist-compatibility as a consequence of the 
evaluation formulae above, since the two sides of Proposition 3.1.4 must agree 
under evaluation at x 3 for all but finitely many j £ Z by Theorem 3.1.1. 

3.2. The two-variable regulator map. We now recall the main result from 
[LZ11]. Let F be any finite unramified extension of Q p , and let be the un- 
ramificd Z p -cxtcnsion of F. We set = FoaiUp™) and G = Gal(-Koo/Qp)- We 
regard T as a subgroup of G, by identifying it with Gal(l£" oo /.F' 0O ). Let V be a crys- 
talline i-linear representation of Gq p such that dim^ V = d. Let L = L ®q p Q™', 
as above. 

Theorem 3.2.1. Assume that V is crystalline with Hodge- Tate weights > 0. Then 
there exists a regulator map 

c$ tt : hUk^, V) U~ L {G) ® D cris (y) 

such that for any finite extension E/Q p contained in i 7 ^, we have a commutative 
diagram 



H~ L (G) ® Qp D cris (F) 



G' 



H?JE(^),V) -^i U~ L {G') ® Qp D cris (F). 
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Here G' = Gal(E([i P 3°)/Q p ), the right-hand vertical arrow is the map on distribu- 
tions corresponding to the projection G — >• G' , and the map Cy is defined by 

E M-^,v,e( CT ~ lo!S )' 

treGal(_E/Q p ) 

where C T E v ^ is the cyclotomic regulator map for E(/j, p ^)/ E . Moreover, the map 
Cy ^ is injective. 

By abuse of notation we also write Cy ^ for the induced map with source % j (G) <8) 
Hi w (Koo, V). 

We will need a twist-compatibility property which extends Proposition 3.1.4 to 
the two-variable regulator map. To state this, we need to introduce a map relating 
D cr i s for unramified twists: 

Definition 3.2.2. If r) is a crystalline character of G, we let b v denote the unique 
isomorphism 

L ® £ D cris (F) <Ei L L(rj) L ® L T> clis {V(r))) 
such that extending scalars to B cr j s gives a commutative diagram 



B, 



?q p D cri8 (F) ® L L(rj) B cris ® Qp T> clis (V(n)) 



a(V)<g>l 



can(y(r/)) 



B cris ® Qp V ®l Xt J ' B cris ® Qp V(»y). 

where can(V) is the canonical isomorphism B cr j S (3 V = B cr ; s ® D cr i s (V), and the 
bottom row denotes multiplication by t~ J in B cr i s . 

The existence of such an isomorphism is not a priori obvious, but it follows from 
the fact that we may write r\ = x'Vi f° r some unramified 771, and the periods of 771 
lie in L C L ® B cr ; s (see [LZ11, §4.3]). Note that b v in fact depends on £ (since £ 
determines the cyclotomic period t). 

We can now state the twist-compatibility of Cy ^ : 

Proposition 3.2.3. Let V be crystalline with non-negative Hodge-Tate weights, 
and let 77 be any crystalline L-valued character with Hodge-Tate weight j > 0. 
Then we have a G-equivariant commutative diagram: 

ffjUiWQp, V) ® Lfa) H £ (G) ® D cris (V) ® i(r,) 



Hl{K x /Gl p ,V{rj)) (t °'" lj - l) CvM * > H £ (G)®D cris (y(r,)) 
Here the right-hand vertical map a v is given by 

i8j/®zn Tw,-i (x) <S'b ri (y ® z), 
where b n is as in Definition 3.2.2. 

Remark 3.2.4. The diagram above is G-equivariant, if one equips Hf^Koo/Qp, V) 1 ® 
L(ji) with the diagonal action of G, and H £ (G) <S> D cr i s (V) <g> L(rf) with the action 
of G given by 

g ■ (x ® y ® z) = ([g]x) (g> y <g) (rj(g)z). 
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Proof. It suffices to consider two cases separately: the case where rj is an unramified 
character (so j = 0), and the case where r\ = x 3 ■ I n the unramified case, the 
statement to be proven is Proposition 4.13 of [LZ11]. In the case of a power of 
the cyclotomic character, the result follows from the twist-compatibility of the 
cyclotomic regulator (Proposition 3.1.4) and the compatibility of the cyclotomic 
and two- variable regulator maps. □ 

Remark 3.2.5. We take the opportunity to correct an error in the preprint [LZ11]: 
in §4.5 of op.cit the formula 

e C$ i( (x) «> i _1 ei = Tw x (£ v{1) (x <g> ei)) 

is incorrect - the £q should be £-\ = Tw x £q. The corrected version of the formula 
is equivalent to the case 77 = x of the above proposition. 

We shall also need the following simple properties of the maps Cy^- 

Proposition 3.2.6. 

(1) Let c £ Tip , and let 7 C denote the unique element ofT such that x(lc) = c - 
Then we have 

£v,c£ = lYc] £-V.£- 

(2) If tp-£ denotes the L-linear automorphism of L = L <S>q p Qp r given by ex- 
tending scalars from the arithmetic Frobenius automorphism of QJJ 1 , then 
we have 

where o~ p is the arithmetic Frobenius element of Ga^A'oo/Qp^). 
Proof. Sec Proposition 4.10 and Remark 4.17 of [LZ11]. □ 



3.3. The matrix of the cyclotomic regulator. We now study the matrix of the 
cyclotomic regulator map Cy^, for a crystalline L-linear representation V of Gq p . 
We shall first define an element £(V) £ Hq p (r), depending only on the Hodge-Tate 
weights of V: 

Definition 3.3.1. 

(1) For n £ Z, define the element jj, n £ Frac'Hq p (r) by 

(£o---£ n -i ifn>l 
fj, n = < 1 ifn = Q 

\{£_ l ---£ n )- 1 ifn<-l. 

(2) ForV a Hodge-Tate representation o/Gq , with Hodge-Tate weights ni, . . . ,rid, 
let 

d 
i=l 

Our goal is the following proposition: 

Proposition 3.3.2. Let V be any d-dimensional crystalline L-linear representation 
of Gq p . Let 2/1, . . . , yd £ Hi w (Q p>00 , V) be such that the quotient 

(yi, ■■ -,yd)A L (r) 

is Ai(r) -torsion. Then for any L-basis v\, . . . ,Vd o/D cr ; s (y) v ; the determinant of 
the matrix with entry (C v ^(yi),Vj) is equal to 



/ff I 2 w (Q J ,,oo,V0 



(mod H L (r) x ), 
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where fq G A^(r) is any characteristic element of the torsion Al(T) -module Q, 
and similarly for /fl I 2 w (Q J1 , DO ,V') ■ 

Remark 3.3.3. 

(i) Under the simplifying hypothesis that no eigenvalue of tp on D cr ; s (U) is a 
power of p, which forces Hf w (Q PtOC ,V) = H^ w (Q P!OO ,V) i0IS = 0, this result 
is a consequence of [LLZ11, Theorem D], which determines the elementary 
divisors of the matrix of Cy^. 

(ii) One can also formulate a version of this statement with the regulator £ v ^ 
replaced by the Perrin-Riou exponential fiy./i,? f° r suitable h (see Appendix 
A). In [PR94], Perrin-Riou has calculated the determinant of ilv,h,£> assuming 
her local reciprocity conjecture (later proved by Colmez [Col98]). We shall 
give an direct proof of the formula for C v ^, rather than deducing it from 
the result for £lv,h,£, but modulo this difference our argument follows Perrin- 
Riou's rather closely. 

We recall the well-known fact (cf. [Col98, Proposition II. 1.4] for example) that 
for any p-adic representation V we have Hf w (Q Pi00 , V) = H (Q PiOO ,V*(l))*, and 
the Ai(r)-torsion submodulc of Hj w (Q Pt00 , V) is isomorphic to H (Q PtOO , V). 

Lemma 3.3.4. IfV is crystalline, then V q p.°° is semisimple as a kj,(T)-module, 
isomorphic to a direct sum of powers of the cyclotomic character. 

Proof. This follows from the fact that Hj(Q p , Q p ) has dimension 1, corresponding 
to the unramified Z p -extension of Q p , which is linearly disjoint from the cyclotomic 
extension; hence there are no nontrivial crystalline extensions of Q p (j) by itself (for 
any j £ Z) which factor through T. □ 

From this lemma and the remarks above, we see that if V is crystalline, both 
Hj w (Q Pt00 , V) and the torsion submodulc of Hj w (Q Pt00 ,V) arc semisimple. 

We note also the following facts regarding the structure of the cyclotomic Iwa- 
sawa cohomology. For each n we have an injective inflation map 

(^ GQp '~)r„ ^ H\Q p , n ,V), 
and these assemble to an injection 

Proposition 3.3.5 (Perrin-Riou, [PR92, §2.1.6]). There is a pairing 

<-,-)<Ww : ^iw(Qp,oo,V) x HUQ p ,oo,V*(1)) -+ A L (T), 

linear in the first variable and antilinear (i.e. A(r) acts via the involution i induced 
by 7 l— ^ J ) in the second; and this pairing induces an exact sequence 

_> V G ^-~ -+ Hl(Q p ,V) ^ Hom AL(r) (i/ I 1 w (Q p , 00 ,F*(l)), A L (r))' -> 0. 

(Here the superscript i indicates that T acts via the involution l.) 

Corollary 3.3.6. Let xi,...,Xd be any basis of i3| w (Qp )00 , V)/V Gq p-°° , and let 
x'i, . . . , x' d any basis of the corresponding module for V*(l). Then the matrix whose 
(i,j) entry is (xt, ^)q P)00 ,Iw is invertible in M dxd (A L (T)). 

We define a pairing 

(-,-)cri S : (n L (T)® L -D cris (V)) x (n L (T)® L B clis (V*{l))) -> H L {Y) 

by extending scalars from the natural pairingD cris (y)xD cr i s (y*(l)) — > D cr i s (L(l)) = 
L. We again make this linear in the first variable and antilinear in the second vari- 
able. 
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The following theorem is Perrin-Riou's reciprocity formula, stated in terms of 
the regulator maps Cy^, rather than their relatives the Perrin-Riou exponential 

maps Qy h - In this theorem, we extend the definition of Cy^ to representations 
with arbitrary Hodge-Tate weights, at the cost of taking values in the total ring of 
fractions ICl(T) of Hl(F), as described loc.cit.. 

Theorem 3.3.7 ([LZ11, Appendix B]). For x £ H} w (Q p>00 ,V) andy £ H^JQ^, V*(l)), 
we have 

(£^(ar),£^» (1))e (j/)) cri8 = -7-1 ■ £ ■ (x, j/)q p>0O ,i w , 
where 7_i is the unique element ofT such that x(7-i) = — 1- 

We use Theorem 3.3.7 to calculate the determinant of the regulator map. One 
readily verifies that /j„+i = £q Tw_i(/i„), where Tw_i is the twisting map 7 — > 
xil) 1 011 ^Qp(r)- Let us write fy for a generator of the characteristic ideal of 
V Gq p °° , and similarly for fy(i)- 

Proposition 3.3.8. Let 27, . . . , Xd £ H^ W (Q P7 V), andvi, . . . , a basis o/D cris (l/*(l)). 
Then the matrix A £ Mdxd(K-L(T)) wif/i entry 

A{j = (£-y^(Xi),Vj) cl -i s 

satisfies 

det(A)££(V)- fv -U L {T). 
H/v*(i)J 

Proof. Since the statement is invariant under twisting, we may assume that the 
Hodge-Tate weights of V are non-negative and that V has no quotient isomorphic 
to Q p , so in particular A £ Md-KdiJiL^))- 

We note that for each character r\ of Hodge-Tate weight j > and conductor n, 
the subspacc of D cr i S (V) ®LL{n) spanned by the elements C v ^(xi){n) is contained 
in 

V n Fir J 'D cris (F) ifn>l, 
^ (1 - - p- 1 -^- 1 )- 1 Fir 1 B cris (V) if n = 0. 

The codimcnsion of this subspacc is exactly dimt(W")+dim iJ°(Q p , 14 7 ) — dim H 2 (Q p , W), 
where W = V^^ 1 ). (This is obvious for n > 0, and follows from Corollary 2.5.7 
for ?i = 0.) From the fact that each of the r t0 rs-isotypical components of Hl(T) 
is an elementary divisor domain, we deduce that det(A) vanishes to order at least 
dim i(W) + dimff°(Q p , W) - dimff 2 (Q p , W) at n (cf. [LLZ11, Proposition 4.2]). 

By construction, £(V) vanishes at 77 to order dim t(W); and by the semisimplicitly 
lemma 3.3.4, vanishes at rj to order dim iJ°(Q p , W) — dimif 2 (Q p , W). It 

follows that Act(A) is divisible by 77-7*7; — )^{Y)i as required. □ 



To bound the determinant from above, we shall use Perrin-Riou's pairing and 
the local reciprocity formula. 

Lemma 3.3.9. Ifx\, . . . , Xd map to a basis of the free module Hi w (Q Pt00 , V)/V Gq P' o ° 
then det(-A) generates the fractional ideal — j^i(r)- 

Proof. Let us choose x[, . . . ,x' d £ Hi w (Q Pi00 ,V*(l)). Let v[, . . . , v' d be the basis of 
D C ris(V) dual to v\,...,Vd- Then the matrix A 1 with Ay = (Cy»M\ ^(x'A, vj) C ris 

j: 

has determinant in £(V*(1)) ^j^j by applying the previous proposition to 

V*(l). 

The matrix A ■ i(A') T has i,j entry 
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where Bij = (xi, x'j)Q p x ,ivr G Ai(r), by the reciprocity formula 3.3.7. Hence we 
have 

detA \ I detA' \ (-<t_i • £ ) d 

det -B. 



w*(^a))) 

Since = we have 

= (-i) d n^^-^) = (-i) Eti "^o- 



Thus 



detA \ / detA' 



= (-l)Eti"i .(-o-.x^-detB. 



We may choose a^, . . . , x' d to be a basis of Hi w (Q p>00 , V*(l)) modulo torsion, in 
which case detB e A L (r) x = n L (F) x , by Proposition 3.3.6. So it follows that 

det(A) 6i(io- fv ^ n L (rr. 

H/y*(i)j 

□ 

Since fv = fQ and /y»(i) = fnf (Q p ^y) m the notation of Proposition 3.3.2, 
this proves the proposition in the special case when xi,. . . ,Xd are a basis of Hf w 
modulo torsion; but the statement of Proposition 3.3.2 is clearly independent of 
the choice of x±, . . . , x<j, so the proposition holds for all choices of the x,. This 
completes the proof of Proposition 3.3.2. 

3.4. The matrix of the two-variable regulator. We now consider the two- 
variable regulator Cy^. The result we shall prove is formally very close to Propo- 
sition 3.3.2: 

Proposition 3.4.1. Let x\, . . . , Xd £ H^^Kqo, V), and let v±, . . . ,Vd be an L -basis 
of D cr j s (V) v . If the quotient 

Q = H^(K 00 ,V)/(x 1 ,...,x d ) 

is A^(G) -torsion, then the determinant of the matrix A whose i,j entry is (Cy^(xi), Vj) 
lies in £(V) ■ fQ ■ 'Hj j {G) / , where fQ is a characteristic element of Q. 

Since Hj(G) is not an elementary divisor domain, we cannot proceed as before, 
so we shall prove the proposition by reducing it to Proposition 3.3.2 applied to the 
twist of V by every unramified character of G. 

Let x\,...,Xd £ Hj w (Koo,V) be as in the proposition, and denote by /q a 
generator of the characteristic ideal of the quotient Q. Define 

C= [&et{C^{x % ),v 3 )/f Q ] e/C £ (G) x /^z(G) x 

where as usual {Cy ^(xi),Vj) denotes the matrix of Cy ^ with respect to the basis 
(xi) and (vi), respectively. So our goal is to prove that C = [^(V)]. 

Lemma 3.4.2. The definition of C is independent of the choice of {xi, . . . , Xd] 
and {wi,..., v d }. 

Proof. Clear from the definition of C. □ 
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Definition 3.4.3. Denote by JCl{G)° the set of f £ /Cz,(G) with the property that 
for each character r ofU, we can find an expression for f in the form u/v where the 
images of u and v in /Ci( T )(F) under the evaluation- at-T map are not zero-divisors, 
so f has a well-defined image in /C^( T )(r) x . It is clear that K.l(G)° is a subgroup 
of K-l (G) x containing H l (G) x . 

Proposition 3.4.4. For any coefficient field L, the natural map 

icl(g)° ; n /c L(T) (iy 

H L (G)x ILh l(t) (T)* 

is infective (where the product on the right is over all characters t ofU). 

Proof. We identify Hl{G) with the algebra of L[A]-valued rigid-analytic functions 
on the product of two copies of the rigid- analytic open disc B(0, 1), where A is the 
torsion subgroup of T. By passing to A-isotypical components, it suffices to replace 
Hl(G) with O(S(0,l)|). 

Let X n be an ascending family of open afhnoid subdomains of 5(0,1)1,. Since 
O(B(0, 1)|) = l^m^ 0(X n ), we are reduced to proving the corresponding statement 
for the rings 0(X n ), which are isomorphic to Tate algebras (at least after a suitable 
extension of the field L). However, Tate algebras are Jacobson rings and unique 
factorization domains [BGR84, §5.2.6]. Thus for any non-unit / G FracO(X„), we 
may write f — u/v where (without loss of generality) there exists some irreducible 
element h such that h \ u but h \ v. By the Jacobson property, there exists 
a maximal ideal containing h but not containing v. This maximal ideal must 
correspond to a point of X n at which u vanishes but v does not; since all points of 
X n are of the form (r, r') for r a character of U and r' a character of T, this shows 
that the image of / in JCl^(T) x is not a unit either, as required. □ 

To apply this in our case, we need the following proposition. 

Proposition 3.4.5. We have C € 1C Z (G) /H Z (G) X . 

In order to prove the proposition, we need the following result: 

Proposition 3.4.6. Let r be an unramified character of G. Then the corestriction 
map 

cores : H^K^, V^r" 1 )) * fl? w (Q„,oo, V^ 1 )) 

induces an injection 

cores : H^K^, V^^u ^ w (Q P)OOJ ^r" 1 )), 
and the cokernel is a finite dimensional L-vector space, where U = Gal^oo/Qp^oo). 

Proof. Let T be a Galois-stable lattice in V. Recall that local Tate duality induces 
isomorphisms 

HKK^Tir- 1 ))* = ^(Koo, y*/T*(l)(r)) and Hi w (Q p<00 , T^" 1 ))* £* H 1 (Q p , ooi y7T*(l)(r)). 

Moreover, the transpose of corestriction is restriction. By inflation-restriction and 
the fact that U = Z p , we have a short exact sequence 

H\U,V*/T*(1)(t) h °°) — H 1 (Q„, ooi y7T*(l)(r)) — H 1 (K ob ,V/T*(1)(t)) d 0, 

which we can dualize to get a short exact sequence 
(10) 

— Hl w (K 00 ,T)u = HUQ p>00 ,T) — H\U,V*/T*{1){t) h -)* — 0. 

Now H X {U, V* /T*{1){t) h ~) = (V*/T*(1)(t) h ->) u is a confinitely generated O- 
module, which finishes the proof. □ 
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Corollary 3.4.7. The A z,(T) -module (Koo,V(t l ))u is finitely generated of 
rank d = dim/, V . 

Proof. Immediate from Proposition 3.4.6 and the well-known fact that Hj w (Qp, o J ^( r_1 )) 
has A L (r)-rank d. □ 

To simplify the notation, let M = H^K^, V^r" 1 )), and let / C A L (G) be the 
augmentation ideal of U . As I = (u — 1) for any topological generator u of U, we 
have Mu = M jlM. 

Lemma 3.4.8. Let yi,...,ya€. M/IM such that (M/IM)/(yi) is A L (T) -torsion. 
If xi, . . . , Xd are any lifts of the j/j to M , then M / (x±, . . . , Xd) is Al(G) -torsion. 
Moreover, iff (resp. g) denotes the characteristic ideal of M/ (x^ (resp. (M/IM)/{yi)), 
then g = f (mod /) . In particular, f ^ (mod /) . 

Proof. Suppose that M/(xi, . . . , Xd) is not Ai(G)-torsion. Then the rank of the 
submodule of M spanned by the Xi is < d, so there exist oi, . . . , <x<j € A^(G) such 
that 

aixi H h a d x d = 0. 

Denote by di the image of ai in A^(r). As M is torsion- free, the /-torsion submod- 
ule of M is zero, so we may divide out powers of the generator of / and assume 
without loss of generality that di ^ for some i. We then get a relation 

aiyi H h a d yd = 0, 

which gives a contradiction since the yi span a Ai / (r)-submodulc of M/I of rank d. 

We now prove the statement regarding the characteristic ideal of the quotients. 
We claim that if Q is any torsion A(G) module such that Q u = 0, then charA^ (r) (Qu) = 
char Aj - (G) (Q) (mod /). 

By the structure theorem for finitely-generated Ai(G)-modules, there exists a 
submodule Q' C Q and short exact sequences of the form 

d 

— P — 0(Al(G)/./T ) — Q> — 

i=i 

and 

► Q' Q ► P' ► 

where fi are irreducible elements of Al(G), ni g N and P and P' are pseudonull. 
Since Q and hence Q' have zero JJ-invariants, we have 

(P') u » Q' v Qu *P V ► 0. 

Since P' is pseudo-null as a A£(G)-module, it is torsion as a A/,(r)-module, and 
from the short exact sequence 

o — - {p') u — ►p'^ip' — - p v — - o 

and the multiplicativity of characteristic elements in short exact sequences we have 
charr(P') C/ = charp P v and hence charr Q'y = charr Qu- 

Turning our attention to the first short exact sequence, and letting R = ® 4 (A l (G) //" ; ) , 
we see that since Q u — we have 

* P u * R u ► P v Ru ► Qu 

and hence charr Q'u = charr Ru/ charr Pu', and since P is pseudo-null, as above 
we have charr Pu = charr P u = charr R U ■ Combining the above we conclude that 

charr Qu = charr Ru / charr R u ■ 

So it suffices to check that our hypotheses force R u to be zero. If R u is nonzero, 
then one of the fi must be divisible by u — 1; but since the fi are irreducible, this 
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forces fi = u — l and hence R u is infinite-dimensional over L, contradicting the 
fact that R u = P u and P is finite-dimensional. □ 

We can now complete the proof of Proposition 3.4.5. Let r be a character of U, 
inducing a homomorphism of A(J7)-modules A(U) — > L(t). Let irr. T ■ Al(G) — > 
Al(T)(t) denote the homomorphism of A(G)-modules induced by taking the com- 
pleted tensor product of the above map with Al(T). Using the compatibility of the 
regulator with crystalline twists (Proposition 3.2.3), we have 

7Tr, T (det(Cv^(xi),Vj}) = det(Cv( r -i)^(yi),Vj) ® e T / 0. 

Now Lemma 3.4.8 implies that the image of a characteristic element of i?j w (K^ ,V)/(x 
under 7rr, T is non-zero, which implies that C has a well-defined image in /C(r) x , as 
required. 

Proposition 3.4.9. Let t be any continuous character of U , as above. Then the 
image of C in /C £ (r) x /"H £ (r) x is [£(V)}. 

Proof. We shall deduce this from Proposition 3.3.2 using Proposition 3.4.4. 

More precisely, let A be as above, and let x be a character of U. We claim that 
the image of dct(^4) in ^C^( T )(r) x under the evaluation-at-x map (which is well 

defined by proposition 3.4.5) lies in £(V) • /q • %£( T )(r) x , where /q is the image of 
/q! by the injectivity result of Proposition 3.4.4, this claim implies the statement 
we want. By twisting, it suffices to consider the case x = !• 



Now, the class C 



dct(A) 
fQ 



£ Kl(G)° /'Hl(G) x is known to be independent of 

the choice of the Xi, so we may assume the Xi map to elements yt of ff Iw (Q p ,oo, V) 
which span a full rank submodule. Then, as shown in Lemma 3.4.8, the character- 
istic element of the quotient Hl w (K 00 ,V)u / {yt) is /q; and as in (10), we have a 
short exact sequence of torsion modules 

— HUK~,V)u/(Vi) — HUQ^Vh/iyi) — (V* /T*(l)(r) H -) u 0. 

By Tate duality, we have (V* /T*(l){r) Haa ) u = /^(Jf^, V) u , so we can rewrite 
the short exact sequence as 

» HUK^Vh/iyi) ► HUQ^V)/^) * hUKoo,V) u h- 0. 

Hence if we define 

Q' = HUQ P ,oo,V)/( yi ), 

we have 

charr(Q') = 7q ■ char r (H^ w (Koo ,V) U ). 

On the other hand, we have 

chairiHUK^Vh) = charr (Hf^K^V) 11 ), 

since H? w (Koo , V ) is finite-dimensional over L, and H? W (K 00 ,V) U = H? w (Q PyOQ , V); 
hence we have 

char r (Q 1 ) _ -j- 

char r ( J ff I 2 w (Q P ,oo,U)) ~ /Q ' 

So the claim above, and hence the proposition, follows from Proposition 3.3.2. 

□ 



Combining this with Proposition 3.4.4 completes the proof of Proposition 3.4.1. 
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4. Construction of the isomorphism 
The aim of this section is as follows. Let T be a O-lattice in a crystalline L-linear 

— nr — 

Galois representation V. Let O = Z p ®z p O be the ring of integers of L. We shall 
construct a canonical isomorphism of determinants over the ring A^(G), 

e Ao(G) , e (T):Det Ag(G) (0) — 

Ag(G) ®Ao(G) {Det Ao(G) flT^lfoo.T) • Det Ao(G) (A (G) ® G D cris (T))} , 

where D cr ; s (T) is a certain O-latticc in D cr i s (V) determined by T (see §4.3 below). 
Our construction is to descend step-by-step in the following tower of ring extensions: 

A a (G)cA £ (G)c/C z (G) 

where Wi(G) is the algebra of locally analytic L- valued distributions on G, and 
ICi(G) its total ring of quotients. 

4.1. Construction over /C £ (G). Over /C £ (G), the construction of the isomor- 
phism O is very simple: 

Proposition 4.1.1. The h.L(G)-module H^ w {K^ , V) is finitely generated of rank 
d, and Hl^Koo, V) is torsion for i ^ 1. 

Proof. See [LZ11, Proposition A.6]. □ 
Proposition 4.1.2. The regulator Cy ^ induces an isomorphism 

Det %(G) (0) Dct K£(G) (K Z (G) ® At(G) RTi^K^, y))-Det %(G) (}C t (G) ® L D cris (F)) . 
Proof. From the previous proposition we have 

Dct K _ (G) (K~(G) ® Al{g) RTi w (K oo,V)) * Det K£(G) (/C £ (G) ® Al(G) ffU^,^))" 1 . 

However, the regulator map is injective on L (§>l Hj w {Koo,V), so it is an isomor- 
phism after tensoring with /C £ (G). □ 

Definition 4.1.3. We define an isomorphism 

®K Z {G)A V ) ■ Det %(G) (0) — * Det K _ (G) (%(G) ® Al(g) flr Iw (ir o0! F))-Det K _ (G) (/C £ (G) ® L D cris (F)) 

e x; _ (G))? (^) = ^y)- 1 Det(/:^) 

where ((V) G 1Cl(G) x is as defined in $5.2 above. 

4.2. Descent to A £ (G). We now use Proposition 3.4.1 to show that the isomor- 
phism Ojc~(G),c(^0 descends to A £ (G): 

Theorem 4.2.1. There exists a canonical isomorphism mDct(A £ (G)) 

e Ai(G)j€ (F):Det A _ (G) (0) 

Dct A£(G) giZT^^, 7)) [Det Az(G) (A Z (G) ® L D cris (^)) 

with the property that the isomorphism in Det (7C £ (G)) obtained by extending scalars 
is the isomorphism of Definition 4-1-3. 



22 



DAVID LOEFFLER, OTMAR VENJAKOB, AND SARAH LIVIA ZERBES 



Remark 4.2.2. By base change, we obtain a canonical isomorphism in Det (Ar(r)), 
(11) 



e Ai(r)if (F):Det A . ( r)(0) 



Dct A£(r) (l®RT Iw (Q Pi00 ,V)j 



Det A£(r) (A £ (r) ® L D cris (l/)) 



Since this coincides with £(V) 1 Dct(£y ^) after base extension to /C £ (T), the scalars 
descend from L to L: the above isomorphism is the image of an isomorphism 

Det Az( r)(0) — [Dct A[(r) (RT lw (Q PiOD ,V))] [Dct At(r) (A L (T) ® L D cris (V))] , 

in the category Det (Ar,(r)). which we denote also by @A L (r),£ (V). Note that 
®a l (g),z(V) does not descend to Det (Ar,(G)). 

Since for i = or 2 the module Hl w (Koo, V) is pseudo-null, its class in Dct(A £ (G)) 
is canonically isomorphic to the trivial object, by [Vcnl3, Lemma 2.2], and this 
canonical isomorphism is compatible under base extension with the isomorphism 
arising from the fact that /Cj(G) ®k z (g) H\ w {Koo,V) = 0. Thus it suffices to 
construct an isomorphism 

Det A _ (G) (Z&Hl^K^Vyj — Det A _ (G) (A £ (G)® L D cris 0O). 

For this, we will need the following auxilliary result: 

Lemma 4.2.3. Let R <—t S be a morphism of commutative rings such that SKx(R) = 
SKi(S) = 0. Let P, Q be free R-modules of equal rank d. 

Then any choice of R-bases of P and Q determines isomorphisms IsomD t(_R)(Detfl(P), Detfl(Q)) 
R x and Isom Dot (5) (Detg(5 (&r P),Dets(5 ®n Q)) = S x , and under these iden- 
tifications, the image of Isompptcj;) (Detfl(P), Det^(Q)) in Isomrjet(S)(Det,s(S' ®R 
P), Detg^ (g>ii Q)) corresponds to the image of R x in S x . 

Proof. This is clear from the definitions of the categories Det(i?) and Det(S') and 
of the base-extension functor. □ 

Remark 4.2.4. More generally, without the assumption on SK\ we can assert that 
the image corresponds to the image of K~i{R) in Ki(S), but we shall not need this. 

Lemma 4.2.5. Let M be a torsion A^(G) -module. Then the morphism 

Ql(G) x x Al(G) x Isom Dct(A , (G)) (0,Det Af (G) M) = Aut Dct(Qr (G )) (0) 

given by the fact that Ql(G) <8> Al ( G ) M = identifies IsomD et ( At ( G )j (0, Det Al ( G ) M) 
with fq 1 Al(G) x , where /q is any characteristic element of M. 

Proof. For pseudo-null modules this is [Vcnl3, Lemma 2.2], and since the statement 
is compatible with direct sums, it suffices to consider the case of AI = Ai(G)/f 
for a single irreducible element /; but this follows immediately from tensoring the 
short exact sequence 

- A L (G) — A L (G) - M - 

with Ql{G). □ 

Proposition 4.2.6. We have H Z (G) X = A Z (G) X . 

Proof. This is standard; see e.g. [Laz62, (4.8)]. □ 

Proof of Theorem J^.2.1. We will consider the base-extension maps corresponding 
to the successive ring extensions A £ (G) <-»• Qj[G) <-t /C £ (G), where <3 £ (G) is the 
total ring of quotients of A £ (G). (It would perhaps be more natural to consider 
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A Z (G) ^ H Z {G) ^ JC Z (G), but we do not know if H Z (G) has trivial SK X .) These 
give homomorphisms (cf. [FKOG, 1.2.5]) 

J,om MA I(fl) ) [ Det A £ (G) (i§L^iw(-ft:oo,^)),Det A£(G) (a £ (G) ® £ D cris (F) 



Isom^Q^G)) [Det Ql(G) (Q Z (G) ® Kl{g) ^(i^, V)),Det Q _ (G) (q £ (G) ® L D cria (lO 



IsorriDet {KL{ G)) [oetc-fG) (/C £ (G) ® A£(G) tf 1 ^, V)) , Det C£(G) (/C £ (G) ® L D cris (y) 

All of these maps are evidently injective, and Det(£y ^) evidently defines 

an element of the third group, so it suffices to show that it lies in the image of the 
composed map. Moreover, all three rings have trivial SK\. 

We first show that it lies in the image of the second row. Since the two modules 
Q Z {G) <E>a l (g) #iw(-Koo, V - ) and Q Z (G) <E) L D cris (V) are free (of equal ranks), it 
suffices to show that for any choice of bases of these modules, the determinant of the 
matrix of Cy^ with respect to these bases is an element of £(V)Q Z (G) X C /C £ (G) X . 
However, this is immediate from Proposition 3.4.1, since 'H Z (G) X = A £ (G) X is 
contained in Q Z (G) X . 

To show that (.(V) -1 Det(£y ,) actually lies in the image of the top row, we 
choose Xi and Vj satisfying the hypotheses of Proposition 3.4.1. Writing A for 
A^(G) and A for Ar(G) to lighten the notation, we have an exact sequence 







A 



L ® Hi w (Koo, V) 



L®N 

L 



0, 



where N is torsion, from which we deduce a commutative diagram of multiplication 
maps (where, for sanity, we let A = A^(G) and A = A £ (G), and Q = Q Z (G)) 



Isom 



^ (X) (Det7V, ) 

x 

d 



i Isom Dot(X) (Dct A d , Det(A 
1 



Isom^^ ( Det A ® A H^ w (K oc ,V),~Det A ® L T> clis (V) 



/ 



Aut 



Dct(Q) 
X 

d 



(0) 



^ Isom^g^Det Q d , Dct Q ® L D cria (F)) J 



Isom^^ ( Dct Q <E)a H^ w (K 00) V),T)et Q ® L D cris (y)) 



By Lemma 4.2.5, the image of Isom Dct ^j (Det N, 0) in Aut Det ^(0) = Q x is 
fx A x ; but, on the other hand, Proposition 3.4.1 shows that the element (.(V)~ x Det Cy ^ 
of Isom Dot ^gj ^DetQ ®a Hl w (Koo,V) is /q times the image of an element of 

Isom Det ^^(Det A d ,Det(A(gii / D cr i s (^)). Cancelling the factors of Jn and f^ 1 , their 
product is the image of an element of the top right-hand corner, as required. □ 

4.3. Integral coefficients. Let V be a crystalline representation with non-negative 
Hodge- Tate weights. We assume for now that i/°(Q p ,oo, V) = 0. Let N(V) be the 
Wach module of V (cf. [Ber04]). Then the inclusion 



N(V) c B+ g Qp ® B + p D cris (F) 
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induces an isomorphism of (^-modules 

i : N(V)/«N(V) S D cris (y). 

Let T be a Galois-stable lattice in V; then there is a corresponding (^O (g> Aq 

lattice N(T) C N(V). We use this to define a O-lattice D cris (T) C D cris (F), which 
is simply the image of N(T) in D cr i s (V) under the map i. 

Proposition 4.3.1. (<^*N(T)) ' / ' =0 /(l-^)N(T) ,/ '= 1 is a finitely-generated O-module. 

Proof. Let h be the largest Hodge- Tate weight of V, and let d = dim^ V. By 
the definition of a Wach module (see [Ber04, Definition II.4.1]), <^*N(T)/N(T) is 
annihilated by q h , where q = (p(ir)/ir. Hence the module 

M = ip(n) h (<p*N(T)) 

satisfies ip(M) C M. 

Suppose that x 6 <y9(7r)M. Then by induction we see that (p n (x) € <y9 n+1 (7r)M; 
but since ¥?™(7r) — > as n — > +oo, this implies that the series Yln>o f n ( x ) converges 
to an element y S M satisfying (1 — ip)y = x. Moreover, if ip(x) = 0, then we 
evidently have tp(y) = y. This implies that the image of 

(1 - <p) : N(T)* =1 -> (^*N(T)) V ' =0 

contains (^(tt)M )^ =0 = <^(^) 1+ ' 1 ((p*N(T)) ,,A=0 . 

Now, as shown in the proof of [LLZ10, Proposition 3.11], for any k > we have 
an isomorphism of A(r)-modulcs 

Aa(rf d /p k A (r f d - (^N(T))*=7 v (,) fe (^N(T))* =0 , 

where 

Pfc = (1 - 7i)(l - X(7l) _1 7i) ••■(!- X(7i) 1- Si), 
with 7i a generator of T 1 C T. So if fc > 1 + ft, the quotient ((^*N(T))^ = °/(1 - 
(p)N(T) ! '' =1 is a finitely-generated Ae>(r)-modulc annihilated by the element pk- 
However, Ao(T)/pkAo(T) is finitely-generated over O; hence (^*N(T))' A - /(l - 
(^)N(T) ! '' =1 must also be finitely-generated over O. □ 

Corollary 4.3.2. ITie characteristic ideal of the quotient 

(^*N(T)) V ' = ° 



(1 - ip)N(T)^ =1 

is eguaZ to Wi—iPna where Hi are the Hodge-Tate weights ofV as above. 

( *n v "j 1 ^ 

Proof. The characteristic ideal of the Ai(r)-modulc nr^py^(yy?si i s known to be 
generated by rL—iPnjj by [LLZ11, Theorem 4.12]. Hence the characteristic ideal 

°f (i-y)N(T)'/'= 1 mus t be equal to this up to a power of p for each T/Ti-isotypical 
component. However, this module is finitely-generated over O by Proposition 4.3.1, 
so it has zero /i-invariant. □ 

We now recall a theorem (due to Laurent Berger) giving a convenient basis of 
N(T): 

Theorem 4.3.3 (Berger, cf. [LLZ10, Theorem 3.5]). There exists an 0£2>Aq -basis 
(xi, . . . ,Xd) o/N(T) with the property that 

((l + 7r)<?(xi),...,(l + 7rMx d )) 
is a A (r)-6asis of (ip*N(T)f=° . 
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Remark 4.3.4. In fact the second author together with Peter Schneider and Ram- 
dorai Sujatha have recently shown that every O ® A+ p -basis of N(T) has this 
property. However, this is not immediately obvious from the definitions (as is er- 
roneously claimed in [BB08]). 

Proposition 4.3.5. Let x\, . . . ,Xd be a basis o/N(T) as in the previous theorem. 
Then the images vi of Xi in D cr j S (T) = N(T)/?rN(T) are a basis of T> cr i s (T) over 
O. Moreover, if we define a matrix M £ Mdxd(T~(-L{F)) by 

d 

(l + n)<p(xj) =^mij • (l + 7r)^(«i), 
»=i 

then the determinant of M is 



ITf=l Pi* 



up to a unit in A<p(r). 



Proof. The fact that the vt span D cris (T) is clear, since D cris (T) = N(T)/ttN(T). 
For the second statement, we know that 

is an element of Az,(r) x , as a consequence of Corollary 4.3.2 and Proposition 3.3.2 
(or, alternatively, by Theorem A of [LLZ11]). Let us calculate its image under a 
character rj of T that is trivial on Ti. By construction, det(M)(?y) = 1, since M is 
in Mat2x2(%i(ri)) and is congruent to 1 modulo the trivial character. 

On the other hand, (71 — 1) has a simple zero at r\ with derivative logx(7i), 
which has valuation 1, and for i > 1, the valuation of 1 — x*(7i) is 1 + v p (i); so the 

valuation of (rL?=iPfc) (v) is 

m(V)+ v P ((ni-l)l)- 

l<i<d 

Ui>l 

On the other hand, £(V)*(n) is nf=i( n i — U P a sign, so the value at 77 of 
»M^lie S inZ;. □ 

Proposition 4.3.6. The determinant of tp : D cr j S (V^) — > T> cr i s (V) is p~ m ( v > up to 
a p-adic unit. 

Proof. It suffices to consider the case where V is 1-dimensional, in which case V is 
the product of an unramified character (mapping Frobenius to a unit) and a power 
of the cyclotomic character, for which the result is obvious. □ 

Corollary 4.3.7. If H (Q PtOO ,V) = 0, then there is a unique isomorphism 

G Aoim (T) : Det Ao(r) H^K^T) » Det Ao(r) (A G (r) ® Zp D cris (T)) 

whose base extension to A^(r) is the morphism ®A L (r),£(V) constructed in (11). 

Proof. If 77 is a character of T/T\, denote by the idempotent corresponding to rj 
in Az p (r). It follows from Lemma 4.2.3 that for each such character rj there is a 
unique integer a v such that p av e v Q\ L ^r)^(V) lies in the image of the base-extension 
map. Applying Propositions 4.3.5 and 4.3.6 shows that we must have a v = for 
all 77. □ 

We can now pass to Aq(G) coefficients. 
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Corollary 4.3.8. Let V be an arbitrary L-linear crystalline representation of Gq p . 
As before, let A = Aq(G) and A = Ag(G). There is a unique isomorphism 

9 A , S (T) : Det x (0) ► A ®a {Det A i?r Iw (A' oc , T) • Dct A (A ®o D cris (T))} 

whose base extension to A^(G) is the morphism ®a l (G),£,(V) constructed in Theo- 
rem 4-2.1. 

Proof. Since the isomorphisms © Al ,( G ),f 00 are compatible under crystalline twists, 
we can replace V with a suitable crystalline twist and assume without loss of gen- 
erality that -ff°(Q Pj0 o, V) = and that the Hodge-Tate weights of V arc > 0. As 
the morphism @A L (r),t{V) is obtained from 0A L (G),f (X) by base change, the result 
is now immediate from Corollary 4.3.7. □ 

4.4. Definition of the epsilon-isomorphism. Having constructed the isomor- 
phism 0a o (g).£CT) °f Corollary 4.3.8, it is an easy step to define the epsilon- 
isomorphism whose construction is the main purpose of this paper. We need only 
the following result, which is essentially a restatement of a theorem of Berger: 

Theorem 4.4.1. Let V be a crystalline L-linear Galois representation, T C V a 
GQ p -stable O -lattice, and D cr i s (T) the corresponding O-lattice in D cr j s (V) defined 
in $4-3 above. Then there is a unique isomorphism 

eo,tMT) : Dct a (0 ® D cris (T)) — Det d (0 ® a T) 

whose image under base-extension L®^ — is the isomorphism el £ dR.(V) of section 
2.1 

Proof. By Lemma 4.2.3, it suffices to check that for any O-bases of T and of 
D cr i s (T), the matrix of the canonical isomorphism 

cany : B cris ® Qp D cris (F) = B cris <8>q p D cris (V) 

has determinant in t m ^O x . This is precisely the result of Proposition V.1.2 of 
[Ber04]. □ 

Definition 4.4.2. We define 



s Ao(GU (T):Det A (G) (0) 



Det A (G) OQHTiviK^T) 



o 

to be the isomorphism given by 



Det A (G) (A 5 (G) ® T) 



(- 7 -i) d (-i) m(1/) • e Ao(G) , e (T) • e ,zMn 

where we regard £o,z,dR.(T) as an isomorphism 

Dct Ao(G) (A (G) ® G D cris (T)) — Dct Ao(G) (A (G) ® G T) 
via base-extension. 

Remark 4.4.3. Note that (-1)"*00 (-7_i) d = Dct (-7.1 : A (G) ® T). The factor 
—7-1 is the same as in Theorem 3.3.7. 

4.5. Properties of the epsilon-isomorphism. We note for later use some prop- 
erties of the isomorphisms ®Ao(G},i{T) and e Ao ( G )^(T): 

Proposition 4.5.1 (Compatibility with short exact sequences). Let 
T' T T" ► 

be a short exact sequence of O-linear crystalline representations of Gq p . Then 
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and 

£ Ao(G),((V) = £ A (G)A V '') ' £ A (G)A V ")- 

Proof. It suffices to check this after arbitrary base-extension; but over KZ^(G) the 
result is obvious, since the regulator map Cy^ is compatible with short exact se- 
quences, as are the factors £(V) and SL£,dB.(V) (the latter by Lemma 2.4.1). □ 

Proposition 4.5.2 (Change of coefficient field). Let L' be a finite extension of L 
with ring of integers O' . Then 

®A ,(G),d°' ®o T) = O' ® e Ao(GU (T) 

and 

£ A ,( G )A°' ®o T) = O' ® e Ao , iGh6 (T). 
Proof. Clear. □ 

The next compatibility property takes a little more notation to state. For brevity 
let us write A for Aq(G). For r\ a continuous L- valued (hence O- valued) character 
of G, we have a twisting homomorphism Tw, : A — > A which maps a group element 
g G G to i](g)g. Hence we obtain a pullback functor (Tw,)* from the category of 
A-modules to itself, 

(Tw n )*M = A(g> A , T w„ M. 

This can also be described in terms of tensoring with the A-bimodule A ®a,Tw, A, 
which is free of rank one as a A-module; hence the twisting functor extends to a 
functor from the category Pet (A) to itself which is compatible with the functor 
Det. 

Note that we have an isomorphism 

(Tw l; )*(A® T) ^ A® c ,T(t7~ 1 ), a06®«4 aTw,(6) ® {v®t v -i) 

as (A, GQ p )-modules, if A acts on A ®o T via left multiplication on the left factor, 
while g € Gq p sends A ® v to Ac/ -1 <8> gv where g denotes the image of g in G (and 
analogously for the action on A (8>e> T(?7~ 1 )). 

We clearly have (Tw,)* o (Tw, ; -i)* = id. Similar definitions apply to other 
coefficient rings than Ae>(G), including A^(G), %l(G) or Ag(G). 

Finally note that for a A-module M we have a canonical isomorphism 

A Oa.Tw _i M = M ® Ot v , A ® m i-> Tw r) (A)m ® t v , 

of A-modulcs, where the A-module structure on the right hand side is induced by 
the diagonal action of G upon it. 

Proposition 4.5.3 (Invariance under crystalline twists). If T' = T(ij) for a crys- 
talline character rj with values in O, then 

Tw r i (Det Aa(G) (a§ i?r Iw (^ 00 ,T))" 1 ") TW "~ l(eAo(G) ' i(T) ^ Tw,-i (Det As(G) (A g (G)) O D cris (T) 



Det Aa(G) (o&oRTi^K^Tir)))) * & ^o<o^mv)) ^ Dct Aa(G) (Ag(G) ®o D cris (T(r?))) 

where we take the left vertical map as natural identification while the right vertical 
map is - up to interchanging the twist- and determinant-functors - Det A _(G!)(a^) 
with the notation as in Proposition 3.2.3 above. 
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Proof. It suffices to check the statement after base-extension to L. First note that 

Tw r i(mx) = m Tw ^ l{x) 

where m\ denotes multiplication by A £ A. In particular we have 

Tw n - l (e(V))=£(V( V ))£(L( v ))- d 

where we omit the m for simplicity again. Hence we obtain, by applying the 
determinant functor to the diagram in Proposition 3.2.3 and after base extension 
to K Z (G), 

Det(a,)Tw„-i ( ^^ j =V (j^j Det(a,)Tw„-i (Det£^) 

= ((VM)"' Det(£g,, ) £ ) 

which is just the claimed statement. Here, for the second equality we used the 
compatibility of twisting with taking determinants. □ 

Proposition 4.5.4. If n is crystalline, then we have Tw,-i ((— 7-i) (— l) m ^) = 
(— 7-i) <i (— l) m ( v w) J where m(V) denotes the sum of the Hodge-Tate weights ofV 
(and similarly for V(j]) ). 

Proof. By the definition of the twisting map, we have Tw„-i(7_i) = 77(7-1)7-1 = 
(— l)- J 7-i (since 77 is x° times an unramificd character); so 

Tw„-i ((-7-i) d (-l) m(y) ) = (-l) jd (-7-i) d (-l) m(y) = (-7-i) rf (-l) m(y)+jd . 

Since m(V(j])) = m(V) + jd we are done. □ 

Since the map Det(a j; ) also evidently gives the twist-compatibility of the maps 
er,,£,dR.(V) and e L ^^R(V{rj)), wc obtain the compatibilty of £a (g),£ ( t ) an d £A (G)^( r (r/)); 
i.e., 

Tw„-i (e L ^ dR (V)) = el*MV{v)) 
up to the indicated identifications. We use these results to extend the definition of 
££,£,dR and ©a (G).£ to lattices T in arbitrary crystalline Galois representations V , 
by tensoring the corresponding maps for T(j) with Q p (— j), where j ' 3> is such 
that V(j) has non-negative Hodgc-Tate weights. 

4.6. Epsilon-isomorphisms for more general modules. We recall the follow- 
ing definition from [FK06, §1.4]. 

Definition 4.6.1. A ring R is of 

(type 1): if there exists a two sided ideal I of R such that R/I n is finite of 

order a power of p for any n > 1, and such that R = lim R/I n . 
(type 2): if R is the matrix- algebra M n (F) of some finite extension E over 

Q p and some dimension n > 1. 

By lemma 1.4.4 in (loc. cit.), R is of type 1 if and only if the defining condition 
above holds with / equal to the Jacobson ideal J = J(R). Such rings are always 
semi- local and R/J is a finite product of matrix algebras over finite fields. For a 
ring R of type (1) or (2) wc define 

R := g R 

where 7i^ r denotes the completion of the ring of integers of the maximal unramified 
extension of Q p . 
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Now let T C V be a Galois-stable O-lattice of a crystalline representation of 
Gq p with coefficients in some finite extension L/Q p . We set T(T) := Aq(G) ®o T, 
which we consider as A(G)-module by multiplication on the left tensor factor and 
as GQ p -module via g(\ <£>t) = Xg~ l <E> gt. The following isomorphism (essentially a 
version of Shapiro's lemma) is well known: 

Proposition 4.6.2. We have 

RT(Q P ,T(T)) <* RTtoiK^T) 

as A(G) -modules. 

Proof. See e.g. [Nek06, 8.4.4.2 Proposition]. □ 

Let A = Aq(G), which is a ring of type 1, with A = A^(G). Then we have 
constructed an isomorphism 

e Alf Cr) : Det A (0) — A ® A {Dct A RT(Q P , T(T)) • Dct A T(T)} . 

We shall establish that this satisfies the properties predicted by [FK06, Conjec- 
ture 3.4.3] for the module T(T). For that purpose it is convenient to write also 
£a,j(T(T)) for the above e-isomorphism, and to extend it to a slightly more general 
class of modules. 

We consider quadruples (i?, Y, T, £) where 

• R is a p-torsion-free 0-algebra which is also a ring of type (f ) or (2) above, 

• £ is a compatible system of p n -th roots of unity (as before), 

• T is a Gq p -stable O-lattice in a crystalline L-linear representation of Gq p , 

• Y is a finitely-generated projective left i?-module, equipped with a contin- 
uous i?-linear action of G. 

Given such a quadruple, we define T = Y®e>T, which we equip with the obvious 
left i?-module structure and an action of Gq p via g ■ (y <E) t) = yg~ Y <S> gt. Then 
(R, T, £) is a triple satisfying the conditions of [FK06, §3.4.1] . Moreover, the action 
of G on Y extends to a A-module structure, and we have 

T = Y <8>a T(T) 

where T(T) is as above. So we may define 

EH, e (T) :=F®a £A,e(T(T)), 

which is an isomorphism 

Det£(0) R ® fl {Det fl i?r(Q p , T) • Dct R T} ; 

here we have used the fact that 

Y ®\ i?r(Q p , t(t)) = i?r(Q p , y ® A t(t)) 

by [FK06, 1.6.5]. 

Remark 4.6.3. Note that i? need not be commutative, and 1" need not be cither 
projective or finitely-generated as a A-modulc. 

Proposition 4.6.4. Suppose R = Of for some finite extension F/L, and the 
finite- dimensional F-vector space F <S>i? Y is de Rham as a representation of G. 
Then F ®o F T * s a ^ so de Rham, and F <®o F e R,£(T) coincides with the canonical 
isomorphism sp^F ®o F T) of §2.4- 

Proof. Since our e- isomorphisms commute with base change in L, it suffices to 
assume F = L. We may also assume that L is sufficiently large that all the Jordan- 
Holder constituents of Y are one-dimensional. By the compatibility with short exact 
sequences, it suffices to assume Y is itself one-dimensional, so Y = L(rj) for a de 
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Rham character ?; of G. This reduces the result to Theorem 5.1.1, which we shall 
establish in the next section. □ 

Corollary 4.6.5. Suppose that the pair [R, T) satisfies the following condition: 

• if is the set of all O-algebra homomorphisms p : R —> M n (F) (where 
F/L is a finite extension and n an integer, both depending on p) such that 
F n ®r, p T is de Rham, then 

Km -> n px 

pG*T 

is infective. 

Then £r^(T) depends only on £ and on the isomorphism class o/T as an R[Gq ]- 
module. 

Proof. Clear from the preceding proposition, since the isomorphism e^.^T) must 
be consistent with the de Rham e-isomorphisms Sf^(F ™®fl i/3 T), which arc uniquely 
determined by (R, T, £). □ 

Remark 4.6.6. We suspect that the statement of the corollary is true for arbitrary 
type 1 O-algebras i?, but this is much more difficult to prove. For instance, if Ti, Ti 
are two O-lattices in crystalline L- linear representations such that Ti/w n = T2/w n 
for some n > 1, then on taking R = 0/~cu n this would imply that the e-isomorphisms 
for T\ and T2 are congruent modulo w n . This should certainly be true, but at 
present we can only prove it under the assumption that the Hodge-Tate weights of 
the Ti all lie in some interval [a, b] with b — a < p — 1; we hope to return to this 
problem in a subsequent paper. 

We shall now show that the association (R, Y, T, £) — > ^^(T) satisfies properties 
corresponding to conditions (i) — (iv) and (vi) of [FK06, Conjecture 3.4.3]. 

Property (i) (additivity). The first condition of op.cit. states that for any three 
triples (R, Tj, £), i = 1,2, 3, with common R and £, and an exact sequence 

Ti T 2 » T 3 0, 

we have 

Efl,c(T 2 ) = efl,f(T 1 )e fl)C (T 3 ). 

By assumption our Tj are of the form Yi ® Tj, for crystalline O-representations 
Ti and i?-modules Yi with G-action. We shall consider only the cases when the 
exact sequence arises from an exact sequence of with a common T, or an exact 
sequence of TVs with a common Y. The first case is obvious from the construction 
of £R,f (— ). The latter case follows from Proposition 2.4.3. 

Property (ii) (base change). The second condition is a compatibility with base- 
change in i?; this is immediate from our construction. 

Property (Hi) (change of £). Let c G . and let j c be any element of Gq p acting 
trivially on Qp 1 ' and such that xilc) = c - Then we must show that 

efl,ce(T) = [r,7c]efl, c (T), 

where [T, 7 C ] is the class in Ki(R) of the R- linear automorphism of T given by 7 C . 
(This is well-defined, as 7 C is uniquely determined up to conjugation in Gq p .) It 
suffices to check this when R = A and T = T(T); but this is immediate from the 
corresponding property of the regulator map Cy which is part (1) of Proposition 
3.2.6, and of the de Rham e-isomorphism £l,{,c1r(^0- 
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Property (iv) (Galois equivariance) . Let tp denote the arithmetic Frobenius auto- 
morphism of O. Then we must show that 

ejtf(T) G Isom(Dct i? (0),Dct i? i?r(Q p ,T) ■ Dct R T)x Kl( - R: > {x G K^R) : V {x) = [T, 

where a v is the arithmetic Frobenius element of Gal(Q° b /Q p oo ). Again, it suf- 
fices to assume (R, T) = (A, T(T)) and the result is now clear from the Galois- 
equivariance properties of the map Cy^, cf. Proposition 3.2.6 (2), and of the de 
Rham e-isomorphism £& £,dB.(V), cf. [FK06, Proposition 3.3.7]. 

Property (v) (compatibility with de Rham e -isomorphisms). If R is the ring of inte- 
gers of a finite extension F/L, and F(g> R T is de Rham, we must check that e R $ (T) 
is consistent with £f,£{F ®rT) as defined in §2.4 above. This is exactly Proposition 
4.6.4 above. 

Property (vi) (local duality). Let T be a free i?-module with compatible Gq -action 
as above. Then 

T* := Hom jR (T,iJ) 

is a free i?°-module - for the action h n> h(—)r, r in the opposite ring R° of R - 
with compatible Gq -action given by h M> h o a^ 1 . Recall that in Iwasawa theory 
we have the canonical involution i : A° — > A, induced by g i— >■ g~ , which allows to 
consider (left) A°-modules again as (left) A-modules, e.g. one has T*(T)' = T(T*) 
as (A, GQ p )-module, where M 1 := A® t) A« M denotes the A-modulc with underlying 
abelian group M, but on which g G G acts as g" 1 for any A°-module M. 

Given e^o j _ e (T*(l)) we may apply the dualising functor — * to obtain an iso- 
morphism 

eh.,_ c (T*(1))* : (Dct i? o( J Rr(Q p ,T*(l))) jfo )*(Det J?0 (T*(l)) i?5 )* -> 1^, 
while the local Tate duality isomorphism [FK06, §1.6.12] 

^(T) : i?r(Q p ,T) = i?Hom i? o(i?r(Q iD ,T*(l)),i? )[-2] 
induces an isomorphism 

Det^T))^ 1 : ((Det fl . (flT(Q p , T*(l)))^ )*) _1 - 

Det R (flHom Ji o(Er(Q J) ,T*(l)),iJ ))~ 1 -> Det fl (#r(Q p , T)) 

Consider the product 

£ R . i (T)-e RO ,^(T*(l))*-B C t R ^(T))f 1 : Det fl (T(-l)) 5 £* Det*(T*(l)*) s -> Det^ 

and the isomorphism T(— 1) — - — >■ T which sends t <g> to i. The following 

result can be seen as another version of the reciprocity law 3.3.7. 

Proposition 4.6.7 (Duality). Let T be as above such that T = Y ® A T(T) for 

some (R, h)-bimodule Y , which is projective as R-module. Then 

e R ,s(T) ■ e Ji . i _ c (T*(l))* • Det fl (V(T)) 5 _1 = Det fl ( T(-l) — ^ T J _ . 

Proof. First note that the statement is stable under applying Y' <E) R — , for some 
(i?',i?)-bimodule Y' which is projective as a i?'-module, by the functoriality of 
local Tate duality and the lemma below. Thus we are reduced to the case (R, T) = 
(A, T(T)) where T is a Galois stable lattice in some crystalline representation V. 
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Since the morphisms between Det#(T(— 1))^; and Deti^T)^ form a K\ ( A)-torsor 
and the kernel 

SK\(k) := ker J A'i(A) -> JJ 

V pGlrr(G) 

is trivial, as G is abelian, it suffices to check the statement for all (L, V(p)), which 
is nothing else than the content of [FKOG, prop. 3.3.8]. Here Irr(G) denotes the 
set of Qp-valucd irreducible representations of G with finite image. □ 

Lemma 4.6.8. Let Y be a {B! , R)-bimodule such that Y <S> R T = T' as (R',G Qp )- 
module and let Y* = Honifl/(Y", R') the induced (R'° , R°)-bimodule. Then there is 
a natural 

(1) equivalence of functors 

Y ® R Hom fl o (-, R°) Si Hom ff . (Y* ® fl o -,R'°) 
on P(R°); 

(2) isomorphism Y* ® RO T* = (T')* of (R'° ,G Qp ) -modules. 

Proof. This is easily checked using the adjointncss of Horn and <g>. □ 

5. Evaluation at characters 

5.1. Setup. For any de Rham character r\ of G (which we assume to take values 
in L), we write ev^ : Ag(G) —> O for the O- linear ring homomorphism which sends 
g to rj(g), and we abbreviate the functor 

0®A a (G),ev,(-) ^ 

where the tensor product is formed via ev^ as indicated. 
We want to study the image under sp^ of the isomorphism 

e Ao(GU (T) : Det Ae(G) (0) A g (G)® Ao(G) {Dct Ao(G) RT^K^, T) ■ Dct Ao(G) (A G (G) ® T)} 
constructed above. We have 

sp„ (RT^K^T)) = J Rr(Q p ,T( ?7 - 1 )), 

by [FKOG, 1.6.5], and 

s Pl) (A a (G) ® T) =T( ?7 ~ 1 ), 

(since clearly T(?7 _1 ) is canonically isomorphic to T as a O-modulc, although ob- 
viously not as a Galois representation). So sp^ is an isomorphism 

Detg(O) -=* 6®o {Det i?r(Qp,T(?7- 1 )) ■ Dct c Tfo -1 )} . 

Theorem 5.1.1. Let V be a crystalline representation o/Gq p with coefficients in a 
finite extension L ofQ p , T a O -lattice in V, and rj an L-valued de Rham character 
of G, as above. Then the isomorphism 

coincides with el^(W) after extending scalars to L, where W is the de Rham rep- 
resentation Virj -1 ) and sl^(W) is the canonical e-isomorphism of §2.4- 

It is clear that ev^ extends to a homomorphism Aj-(G) — > L, and that the 
composition of the exact functor L ®g (— ) with sp ?; coincides with the derived 
tensor product 

L <S>A £ (G),cv„ (-), 
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which (in a slight abuse of notation) we shall also denote by sp^. So it suffices to 
show that 

this implies Theorem 5.1.1 for all lattices T C V. By the invariance of £a l (G),£ 
under twists by crystalline characters, it suffices to prove the theorem under the 
additional hypothesis that V has non-negative Hodge-Tate weights. 

We shall divide the de Rham characters of G into the following three classes. 
Suppose h is the largest Hodge-Tate weight of V. 

• Good characters: these are characters of G whose Hodge-Tate weights are 
> h or < — 1, and such that the twisted representation W = V^q' 1 ) satisfies 
H°(Q p ,V(r,- 1 )) = H 2 (Q p ,V(r,- 1 )) = 0. 

• Somewhat bad characters: these are characters whose Hodge-Tate weights 
lie in [0,h-l], but still such that H°(Q P , V^r?" 1 )) = H 2 (Q p , V^r?" 1 )) = 0. 

• Extremely bad characters: r\ is extremely bad if _ff l (Q p , V{f]^ 1 )) ^ for 
i = or i = 2. 

Note that somewhat bad characters almost always exist (they exist unless V 
has all Hodge-Tate weights 0, in which case V is unramified), but extremely bad 
characters are rarer; in particular, there are none if V is irreducible and d > 1. 



5.2. Evaluation of the Gamma factor. As a preliminary to the proof of Theo- 
rem 5.1.1, we need to compare the factor TlCV^ -1 )) defined in 2.4 with the factor 
i{V) arising in the definition of Oa l (g),£(^0- 

Proposition 5.2.1. Let rj be an L-valued character of G which is de Rham, with 
Hodge-Tate weight j, and let W = V^]^ 1 ). Then we have 

where r = #{i : m > j} = dim^ t(W). 
Proof. For any n > 0, we have 

(4...4-i)*(??)= n (i-fc) = if0<j<n-l, 
^fr 1 [(-V n{ 7^r ifi<-L 



Hence 



] f^— i 

— —-M ...l n _ 1 )*(r,) = . 
(1+j) I (-1) 1 {n-l-3)\ i 



if j > n, 
if j < n — 1. 



f(_l)«-jr*(„-j) if j>n, 
|(_l)n-i-j'r*(n- j) if j <n- 1. 

Taking n to be each of the Hodge-Tate weights of V in turn and multiplying, 
we obtain 

1 d 

r*(i + jy l{vy{ll) = (- 1 ) E " i+J ' d+r Il r *( n ' - J) = (-i) En<+J ' d+r r i (^)- 1 ! 



i = l 



since the Hodge-Tate weights of are {n, — i}i=i,...,d. □ 
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5.3. The good characters. In this section, we prove Theorem 5.1.1 for good 
characters of G. As remarked above, it suffices to assume that V has non-negative 
Hodge-Tate weights, and that the character r\ takes values in L x . We write W = 

v{ n - 1 ). 

Proposition 5.3.1. Let rj be an L-valued de Rham character of G whose Hodge- 
Tate weight j does not lie in [0,h — l], and such that H°(Q p ,W) = iJ 2 (Q p , VT) = 0. 
Then 

(i) The corestriction map H^ v/ (K OQ ,V)G=ri H 1 (Q p ,W) is an isomorphism of 
L-vector spaces, so 

Det L RT(Q P , W) S* (Det L H^K^V^)' 1 ; 

(ii) composing the regulator with the evaluation map ev^ induces an isomorphism 
of free L-modules 

cv„ oC% : L ® L Hl w (K 00 ,V) G=v L ® L D cris (F); 

(Hi) the isomorphism 

L ® L Det L Hl w (K 00 ,V) G=v - L ® L Deb L {V) 

coming from sp v (£a l (G),{(X)) u * a fi) * s given by the map 

{-r){l-x)) d i{V)(rf)- 1 Det z (ev„ o£$ A )) ■ e L . CdK (V); 

(iv) the isomorphism of (Hi) coincides with the canonical isomorphism £l^(W) of 
Section 2.4 above, so Theorem 5.1.1 holds for r\. 

Proof. For (i), we have the exact sequence 

-> H\G, HUKoo, W)) H°(Q P , W) ->> Hf^Kn, Wf 

-> Hl(Koo,W) G — H\Q P ,W) -> H^CHf^K^W)) -> 0. 

given by the Tor spectral sequence for sp T; . By Tate duality, Hj^K^, W) G = 
H°(Q P , W*(l)), which is zero by assumption. However, since Hi w (Koo,W) is 
finite-dimensional, it decomposes as a finite direct sum of primary submodulcs 
corresponding to characters of G; if the G-invariants are zero then the trivial char- 
acter cannot appear, and any other direct summands have zero G-cohomology 
in all degrees, so we also have H 1 (G,Hf w (K 00 ,W)) = 0. Thus corestriction is 
an isomorphism Hj w (K 00 ,W)g — H 1 (Q p ,W), and since W and V are isomor- 
phic as GjCoc -representations, we have H^ w (K 00 ,W)g = (ifj^-Kooj V)(>7 _1 )) G = 
H lw (Koo, V)g= v - 

Now let us suppose that n > 1, where n is the conductor of rj. By [LZ11, 
Theorem 4.16] we have a commutative diagram of free L-modules: 

L ®l fl? w (Qp, V h=v C -^^ L ® L D cris (^) 




Here the vertical map is given by the isomorphism 

b v -i ■ Q P ,n <S>q p L <»l D cris (V) = Q Pi „ ®Q p L ® L D dR (W) 

given by multiplication by P in BdR ® V (which depends on the choice of £, since 
£ determines t)] $ is the unique BdR- linear endomorphism of BdR ® V coinciding 
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Dct 



(B d 



with the crystalline Frobenius on D cr i S (V); and the bracket in the diagonal map 
denotes either exp^ pjlv . (1) (if j > h) or \og Qp W (if j < -1). 

In cither case, the diagonal map is clearly an isomorphism, which proves (ii). Part 
(hi) now follows from the definition of £\ l (g).£ (V) together with the compatibility of 
determinant functors and Tor spectral sequences, cf. [Vcnl2] (since the Tor spectral 
sequence for sp^ collapses in this case). Let us prove (iv). By Proposition 2.5.1, 
for j > h the determinant of log is #l(W), and for j < — 1 the determinant of 
cxp* is {~\) d 9 L {W). Wc write this as (-l) d_T 6 L (W) , where r = dim*(W) as 
in Proposition 5.2.1. Passing to determinants and dividing through by the factor 
£(V)(r]) g L x , the diagonal arrow becomes 

T -^^ e L {r ] - 1 -0^) d {-l) d - r e L {W) 

= (-l) d+m(w) T L (W)e L (W,r 1 )OL(W) 

where we have used the formula for £(V)(rj) from the previous section, and written 
m(W) for the sum of the Hodge-Tate weights of W . 
Hence the following diagram commutes: 



)(B dR ® Qp H\Q P ,W)) SP " eAL(G)(V ' Det (BdR8i) (B dR ® Qp D cris (F)) — 



Det BdR ®L(B d R 



5Qp V) 



Det £ (B dR ® Qp T> dR (W)) 



Dct BdR0 L(B dR «)Q p W) 



where the middle vertical map is multiplication by t rfj . Both the left-hand triangle 
and the right-hand square clearly commute. But t m ( y > can = El,£,<ir(V), since V 
is crystalline and hence the e-factor Sl{W, £) is 1. So the composition of the two 
arrows on the top row is 

by definition. On the other hand, the composition of the diagonal arrow and t m ( w > ■ 
can is 



(-1) 



d+m(W) 



T L (W)e L {W,-^0 L (W)t 



m(W) 



can - (-l) d+m < v) v(l-i) d TL(W)e L (W,$6 L (W)t m W - can 
= (-l)»»(TO(_q( 7 _ 1 ))««r i (W0fli(W0ei;,f,dR(W r ). 



Cancelling out the factor (— l) m ( y ) (— r]("/-i)) d , we deduce that sp^ (eAi(G),f (V)) = 
£l,z{W) as required. 

We now consider the case n — 0, so r\ is rf times an unramified character. In this 
case one obtains a diagram very similar to the above, but with in the diagonal 
map replaced by the operator 

(1 -yr?K)$)(l -p" 1 -^,,)- 1 *- 1 )- 1 . 

Since p 3 rj{a p )<^ coincides with the Frobenius ip of T> cr i s (W), the determinant of 



(1 -p^(a p )<f)(l -p- 1 -^^)" 1 *- 1 ) 



-i fexp* 
\ log 



is the base-extension to L of (— 1) t 0l{W), by Proposition 2.5.2, and the proof 



goes through as before. 



□ 
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5.4. The somewhat bad characters. Let us now suppose 77 is "somewhat bad" 
in the sense above (recall that "somewhat bad" excludes "extremely bad", so 
H°(Q pi W) = H 2 (Q p , W) = 0). By the twist-compatibility of the e-isomorphisms 
we may assume that 77 factors through T. Let p be the ideal of Al(T) corresponding 
to 77, and define 

= 7 - vii) 
vh) log x{i) ' 

so vo is the unique uniformizer of p such that vj'{t]) = 1. Note that w is not a 
zero-divisor in A(r). 

We also denote by p the ideal of Hl(T) above 77. The inclusion Al(T) Hl(T) 
induces an isomorphism after localization at p and completion (both completions 
are isomorphic to L[[ro]]). 

Since 77 is not "extremely bad", we know that the localization of Hf w (Q p ^ oa , V) 
at the prime ideal p corresponding to 77 is zero; the localization of Hi w (Q P)00 , V) at 
p is free of rank d; and reduction modulo p determines an isomorphism 

A(r)/p ® A(n Hi w (Q p>00 ,V) = H\Q P , W). 

Let 7/1, . . . ,y r be any basis of Hj(Q p , W), and y r +i, ■ ■ ■ , yd any basis of the quotient 
H 1 (Q p ,W)/Hj(Q p ,W). Then there exists a lifting x\,...,Xd of 2/1 , . . . , j/d to a 
basis of the localization Hi w (Q Pi00 , V) p . 

By Theorem 3.1.1 (resp. Theorem 3.1.2 if 77 is crystalline) we know that for 
1 < i < r we have Cyt(xj)(rj) = 0, and hence (by the definition of zu) we have 

£v,e( x i) = ^v^faYiv) modp 2 . 
Let A denote the unique A(r) p -linear map 

HUQp,oo,V) v ► A(T) P ® D cris (^) 

such that 

'^C^ixj) if 1 < i < r, 
Cy^x-j) iir + l<j<d. 

This is well-defined, since xi,...,Xd are a free basis of flj^(Q Pi0O , V) p over A(r) p . 
We write B for the morphism obtained by reducing modulo p. 

Proposition 5.4.1. The determinant of A is equal to the image of zu~ r Det(£y^) 
under localization at p. 

Proof. Clear from the definition of the map A. □ 

We shall show that the reduction B is an isomorphism; it follows that A is also 
an isomorphism, and that the image of the determinant of Det(A) modulo p is just 
Det(S). 

Proposition 5.4.2. The image of Hj(Q p ,W) under B is a subspace o/D cr j s (V A ) 
complementary to the subspace 



M 



^"Fir J D cris (l/) ifn>l, 
(1 - p»»(l - p- 1 -^- 1 )- 1 Fir j T) clis (V) ifn = 0. 



Moreover, the induced morphism Hl(Q p ,W) — D cr i S (V) 



Dc» s (V) 



isomorphism, and it is given explicitly by 




ifn>\, 
if n = . 
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Proof. The fact that the composite map is given by the formula above follows 
directly from Theorem 3.1.3, since the uniformizer w is chosen such that vj 1 {tf) = 1. 
It remains to check that the composite is an isomorphism. For n > 1, the map 

x h-> + j)e{r]-\ -$ip n {t~ j x ® ej) 

defines an isomorphism t(W) = Pci m- ; and the map of the proposition is the 
composite of this and 



log QpiW : Hj(Q p ,W) 



t(W). 



Similarly, in the case n = the map Hj(Q p ,W) 

ling isomorphic 

t~ J ej and the morphism 



D cris (^) 



Deris (V) 

M 



IS 

the composite of the twisting isomorphism s(W) = Dc "^ V ^ given by tensoring with 



-(l-p-^-^-Hog^-.HjiQ^^siW) 



of (9d) above. 



□ 



Proposition 5.4.3. The image of the subspace N C H (Qp, W) spanned by y r +i, ■ ■ ■ ,y<i 
under B is M , and the composite isomorphism 



Hj(Q p ,W) 



is given by 



ex PQ p ,vy*(i) 



cx Pq p ,w*(i) 



t- J e, 



ifn>l, 
ifn = 0. 



Proof. The explicit formula follows from Theorems 3.1.1 and 3.1.2, and it follows 
from equation (9a) that the composite morphism is an isomorphism (via an argu- 
ment very similar to the previous proposition). □ 

Combining these two propositions we have the following: 
Proposition 5.4.4. The image ofDet(A) modulo p is 

r*(l+j) d e L ( V -\ -£) d ■ Det L (cp : D cris (V) -> D cris (F)) n 

H l (Qp,W) 



Det L (log : F}(Q P , W) - t(W))-T>et L exp* 



H}(Q P ,W) 



if n > 1; and if n = it is 

r*(l+. 7 ) d Dct L (-(1 -p- 1 ^- 1 )- 1 ^, : H}(Q P ,W) 



Fil° D dR (VF) 



D cris (VF) 



Dctj 



-(1 - ip)exp* 



(1 - p)(l - p-V" 1 )" 1 Fil° D cris (W) 



We now combine this with the result of Proposition 5.2.1, which shows that £(V) 
has a zero of degree r at 77, and 

^7^T- = (-l) m(v)+ -'' d+r r L (W)zu- r mod w 1 ^. 
«(K)(r/J 
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This shows that for n > 1, the image of ©Ai,(G),f 00 = Det modulo p is 

{-l) m ^ +id+r T L {W)e L {r,-\ -0 d ■ Dct L {tp : D cris (V) -> D cris (U))" 
Det L (log : ff}(Q p , ► t(W))-Bet L ^cxp* : f^^j " Fil°D dR (W) 

or (grouping the (— l)'s differently) 

(-l) d+m ( w) T L (W)e L (W, -0 ■ Det L (log : Hj(Q p , W) * t(W)) 

In the case n = the result becomes 

(-i) d+m(M/) r L (^) £L (^,-0 

•Det L ( -(1 - P" V 1 )" 1 log : ff}(Q P , W) - 



D cris (^) 



(1 - ¥ j)(l-p-V- 1 )- 1 Fil°D eri .(W) 



•DetL f(l-¥>)esp* : gijq^j — (1 ~ ^X 1 - P" V" 1 )" 1 Fil° D criB (^) 



Using Proposition 2.5.1 for n > 1, and Theorem 2.5.8 in the case n = 0, and 
invoking again the compatibility of determinants with Tor spectral sequences, we 



see that in both cases the specialization of £(V) 1 Detjc(r) £yf at r\ is 



as in the case of good characters in the previous section. The remainder of the 
proof continues exactly as before, and we deduce that 

5.5. The extremely bad characters. Let 77 be an extremely bad character of G, 
and let W = V(rj~ l ). Recall that our aim is to prove the following statement: 

Proposition 5.5.1. We have 

sP„(6mgu(V)) • e LiLdR {V) = e L{v)A {W), 

where sp^ denotes specialisation at rj. 

We prove the proposition by induction on d = diniL W. If d = 1, then W = L 
or W = L(l), and the result is the content of [Vcnl3, Theorem 2.13], once having 
checked that the epsilon-isomorphisms defined in loc. cit. and here agree. This can 
be seen from the fact that both agree with the Fukaya-Kato e-isomorphism after 
specialization at any good (or somewhat bad) character, together with the fact that 
good characters are Zariski-dense in SpecAL(G); however, we give a more direct 
proof in Appendix C. 

Now assume that d > 1, and that the proposition is true for all d' < d. Then 
the assumption that H l (Q p , W) ^ for i = or i = 2 implies that we can find a 
subrcpresentation W of dimension < d such that we have a short exact sequence 

W' W W/W' - 0. 

After twisting, this induces a short exact sequence 

> W'{rj) — - V - V/W'ii) 0. 
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Note that as V is crystalline, so are W(rj) and VjW'ij]). By induction hypothesis 
and the results in Sections 5.3 and 5.4, Proposition 5.5.1 is true for the representa- 
tions W'{rj) and V/W'{rf). As we know that 

£lxMv) = slxMW(v)) • £L, e ,dR.( WW) 

s L(vU (W) = e L{vU {W) ■ s L(vU (W/W') 
by Proposition 4.5.1, Lemma 2.4.1 and Proposition 2.4.3, this finishes the proof. 

Appendix A. A formulary for the p-adic regulator map 

In this appendix, we will prove a strengthening of the explicit formulae of [LZ11, 
Appendix B] which determines, loosely speaking, the "leading term" of the p-adic 
regulator map at every de Rham character of T, including the case of "bad" char- 
acters where there are Frobcnius eigenvalues equal to 1 or p. 

A.l. The big exponential map. We will begin by quoting results regarding 
Perrin-Riou's big exponential map, which will allow us to study the regulator map 
using the reciprocity law of 3.3.7. 

Let V be a crystalline representation whose Hodge-Tate weights lie in [— oo,h], 
for some integer h > 1. Define a map 

as the direct sum of the obvious projection maps. 
Then the Perrin-Riou exponential map is the map 

Q v>h , e : (U(T) ® Qp D cris (F)) A= ° * H(T) ® AQp(r) HUQ P ,V) 

defined by 

n VthtC (z) = (4-1 o ... o £ ) (i - y)- 1 ^), 

where z denotes the image of z under the isomorphism 

U(T) ® Qp D cris (F) -> (B+ g Qp ® D^^y))'''" 

which sends ^fi®di to ^ fi(l + it) ® di- 

(This is not quite the definition of £lv,h,£ originally given in [PR94], but it is 
shown in [Bcr03, Theorem 11.13] that the above formula does give a well-defined 
map and that this map agrees with Perrin-Riou's original definition, modulo choices 
of signs.) 

Theorem A. 1.1 (Perrin-Riou, cf. [PR99, Theoreme 3.3]). There exists an exten- 
sion of £lv.h,i to a morphism ofH(T) -modules 

U(T) ® Qp D cris (F) H(T) ® AQp(r) J! 1 :^^ , 

-"iwl^P' V ItOTS 

coinciding on ker(A) with the map defined above. 

Moreover, the values of Qv,h,$(z) at all de Rham characters r\ of Hodge-Tate 
weights j < h — 1 are given by the following formulae, which hold modulo the image 
of Hl(Q p ,V) tors m H^Q^Vir 1 )): 

(1) if rj has positive conductor n > I, then 

pr, (ilv, h £(z)) = (-if-^ih-j-iy.exp^y^ (r(fjo,f) -p'^ (z(t)) ® t j e^)) , 

where the Gauss sum t(?7o,£) is as in Propsition 2.3.3 above. 
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(2) if rj = x J 7 then we have 

Wv (n v<h Az)) = -(-i) h - j -Hh-3-W*VQ,,vto-i) [(i -^V 1 ) {z(v) , 

where exp is as defined in §2.5 above. 

Proof. If n > 1 or if z{jj) £ (1— p~ J (p)D CT i s (V), then we may assume that z £ ker(A) 
and this is then a standard formula, equivalent to the commutative diagram relating 
Vty,h to the exponential maps (see e.g. page 121 of [Bcr03] 3 .) The awkward case 
when z(rj) <§) iPe—j is not in the image of 1 — ip is covered in [PR99]. □ 

A. 2. The regulator at bad characters. We shall use Theorem A. 1.1 to study 
the values of the regulator map at those characters where the factor on the left 
hand side of formula (2) in Theorem 3.1.1 is not injective. We relate these values to 
the extended dual exponential map exp* ; given the indirect nature of the definition 
of this map, we have no choice but to exploit the duality between V and V*(l). 

Proposition A. 2.1. The regulator map C v ^ and the exponential £lv,h,£ satisfy the 
formula 

(12) ftv,h,t (£v(x)) = 4-1 ° • • • Zo(x) (mod if I ] w (Q Pi00 , V) tor s) 

for all x £ H(T) ® A(r) H^Qp, V). 

Proof. If Cy ^(x) lies in ker(A), then this is obvious from Berger's redefinition of 
Q,v,h,i given above. However, since the target of A is a torsion A(r)-module, and 
we have quotiented out by the torsion in the target H^ w (Cl PiOC , V), this implies that 
the formula holds for all x. □ 

Recall from proposition 3.3.5 that there is a pairing 

<-,->iw : tfiw(Qp.V) x HUQ p ,V*(1)Y > Ai(T), 

where the superscript i indicates that the pairing is anti-linear in the second vari- 
able, with the property that 

where (— , — }Tate is the local Tate duality pairing _ff 1 (Q p , V{rj~ 1 ))xH 1 (C\ pi V*{l){if)) 
L. 

We extend the Perrin-Riou pairing to a pairing of TL(T) modules in the obvious 
way. We also define a pairing (, )i w ,cris by extending the natural pairing D cr j S (y) x 
D c ri S (V*(l)) -)■ D cria (£(l)) = Itoa pairing 

(H(T) <g) D cris (y)) x (H{T) ® D cris (l/)) 1 H(T). 

Proposition A. 2. 2. For any x £ H^ w (Q p , V) and w £ H(T) (8 D cris (V r ), we have 

(C T v (x), w) lw cris = 7-i • (x, fiv(i),i,cW>i w • 

Proof. This is one of many possible forms of the Perrin-Riou reciprocity law. Since 
all the modules involved are torsion-free it suffices to prove this after inverting £j 
for all j, in which case the statement is identical to Theorem 3.3.7 in the light of 
equation (12). □ 

Theorem A. 2. 3 (Theorem 3.1.2). For any j > 0, we have 

£y,cO)(x J ) = -iKi-PV) expQp.V'Ci+j)^) ®r J ej 



^Sadly, there seems to be a recurring ambiguity in the literature regarding the signs (cf. Remark 
11.17 of [Bcr03]). We use Berger's definitions, but we note that there are two errors in the 
commutative diagram on page 121 of [Bcr03]: firstly, the map fly(j),h m the top row should be 
flv(j),h+ji secondly, the sign (— l)' l +-' — 1 is missing. We believe the diagram above to be the 
correct one. 
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Proof. Let v G D cris (F*(l + j)), and choose some w G H(T) ® D cr i S (V*(l)) such 
that v = w(x~ J ) 8> t~ Je j- Then we have 

(£-v,t( x )(x r ) <8>^e_,,v} cri s = (£y, e (a;),u;)i WiCr i S (x J ). 
By the previous proposition this is equal to 

(-l)- 7 (lE,lV--( 1)i u(>)}i w (x J ) = (- i y( X X j ^ r x- j ( fi V*(l),l,?( W )))Tato- 

(The term pr x - 3 (fiv*(i),i.fH) is only defined modulo the image of iT Iw (Qp )00 , V*(l))tors 
in _ff 1 (Qp,V^*(l + j)), but this image is the orthogonal complement of the image 
of Hi w (Q Pt00 , V) in H 1 (Q p , V(—j)), which by assumption contains x x , .) We know 
that 

pr x - 3 (n VHlhh5 (w)) = {-iy +1 j\a^ Qp V , (1+j) [(1 -jrV _1 H 
modulo the image of the torsion. Substituting this in, we have 

(£v,t(x)(x r ),v) C ris = -jl{x x j,eXp QptV ,( 1+j) [(1 -^V _1 )w]>Tatc- 

Since exp* is, by definition, the adjoint of exp, the right-hand side is equal to 

= - ^)c5pq p ,y*(i + j)(a;x 3 )' u )cris- 

We deduce that 

(^/, 5 (a;)(x J ),w)cri s = - (/3)cxl5Q p:y , (1+j) (a; x .,),w)cri s 

for every v G T) cr i s (V*(l + j)), so we must have 

^V.fOXx- 7 ) ®t J e-j = -j!(l - tp)&q>* QptV ,( 1+j) (x x j) 

as elements of T) CI i S (V(—j)), which is clearly equivalent to the claimed formula. □ 

A. 3. The derivative of the regulator. We now use Theorem A. 1.1 to study the 
derivative of the regulator map C v ^ at its trivial zeroes. 

Proposition A. 3.1. Let V be a crystalline L-linear representation o/Gq p with all 
Hodge-Tate weights > 0, and r\ a de Rham character ofT whose Hodge-Tate weight 
j is > and whose conductor is n. Let W = V^^ 1 ), and let x be an element of 
Hi w (Q p>00 , V) such that C v ^(x)(r]) = 0. Then: 

(1) if r) has conductor n > 1, then 

x n = - exp Qp>w [t(t/,0 ■p~ n (p~ n (C VtS (x)'(ri) ®t j e-j)] ; 

(2) ifr) = X j , then 

x v = -igxp Qj))VV [(1-p-V 1 ) (^(x)'(v) ®t j e_ j )] (mod H\T, H°(Q p ,V(-j))). 

Moreover, H 1 ^, i?°(Q p , V{— j)) is non-zero if and only if 77°(Q p , V{— j)) 
is. 

Proof. Since £v{x)(n) = 0, we may write 

(13) M*) = (7 - »?(7))S 

for some g G %(r) ® D cr i S (F). Using equation (1), one checks that this implies 

(14) C v {x)'{ri)=g{ri) V { 1 )\ogx{l)- 

We shall now find a formula for cxpq p y^-i) (g{n)) (respectively exp(g(77)) if 
n = 0); comparing this with (14) will then give the proposition. We choose an 
integer h > j such that all Hodge-Tate weights of V lie in [0,h], so the Perrin-Riou 
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exponential map &v,h is well-defined. By enlarging h if necessary, we may also 
assume that T> cris {V) v=p ~ h = 0. 

Applying Vty,h to both sides of equation (13) and using equation (12), we obtain 

(15) fiy,/i(flO = Ah t n(x) modulo torsion, 

where the element 

A M = 4 - l0 'V° 4 6 W(T), 
7 - VKV 

since < j < h. Crucially, Ah. v docs not vanish at 77, although it vanishes at every 
other locally algebraic character of degree < h — 1. 

We now apply Theorem A. 1.1 to the element z = g, which is valid since h—j > 1. 
This tells us that the image of fly^g) in H 1 (Q p ,V('i]^ 1 )) is given, modulo the 
image of the torsion in Hl w (Q PtOC , V), by 

pr„ (JV,h(ff)) = (-l)^- 1 ^ - 3 - l)le v (9(v)), 
where we write e v (v) as a shorthand for 

f ex Pq P ,y(r,-i) [r(r)o,0 -p~ n ^ n (v ® t j e-j)] if n > 1, 
l-^PQp^rr 1 ) [(! -P _ V _1 ) (w ® t 3 'e_j)] if n = 0. 
Plugging in equation (15), this becomes 

pr„ (A h , n ■ x) = {-lf- j -\h - 3 - l)\e v {g{rj)) (mod Hl w {Q PtOQ ,V) tors ) 

The left-hand side is easy to deal with: it is simply Ah tV (j]) x rij where Ah^ijf) is a 
non-zero constant (which we shall evaluate shortly), and x^ is the image of x in 
H 1 (Qp,V(i]~ 1 )) as before. Thus we have 

Ah (v) 

_ j _ i)l x? ' = e v(9iv)) ( mod ffi w (Qp,oo, V) tors ). 

Let us now evaluate the "fudge factor" Ah :V {v)- We have £ r (v) = 3 ~ r f° r r 7^ .h 
while for j = r, we obtain 

\og(v(i)x(i) s ) _ ■ 



,7-77(7)/ »->o ?7(7)x(7) s - 7/(7) 

The denominator is easily seen to be 5/7(7) log ^(7) + 0(s 2 ), while the numerator 
is simply s. 
Hence 

Ah ^ (T]) 7 7 (7)logx(7) r 1 = 1 J ~ r7( 7 )logx(7) 
Putting all the pieces together, we have shown that 

v(l)log X (l) Xrl = e " (5(??)) = ? 7( 7 )log X (7) e ' ? (m ° d H UQp,oo,V)tors), 

so 

1 



( x )'(n)) = - J exp Qp.^('7- 1 ) [ r (»»>0 -P *V " (w®^-,-)] if n> 1, 
j! \-SpQ p ,y (j) -i) [(l-p-V 1 )^®* 1 ^)] ifn = 0, 



again modulo the image of ifj^(Qp i00 , V)t ors in H 1 (Q p , l/(?7 _1 )). 

We now analyse the torsion term. We know that iT Iw (Q p ,oo > V)tors is isomor- 
phic as a r-modulc to iJ°(Q p oo , T^), and in particular it is crystalline as a Gq p - 
representation, and thus contains no no non-crystalline characters in its support. 
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Thus its image in H 1 (Q p ,V(r] 1 )) is zero if n > 1. If r\ = x J i then the im- 
age of Hl w (Q Pt00 ,V) tors in F 1 (Qp= V(-j)) is precisely H^T, H (Q PtOOl V){-j)), 
and in particular its dimension is the same as that of H°(T, H (Q PtOOi V)(—j)) = 
H°(Q P , V(-j)). This completes the proof. □ 

Appendix B. Proof of Theorem 2.5.8 

In this appendix, we prove Theorem 2.5.8. We start with some remarks on signs. 

Remark B.0.2. Recall that by [Dcl87, §4.3] to any exact sequences C : — > X\ — > 
X — > X2 —> of L- vector spaces there is attached a canonical isomorphism 

Det(C) : Det(X) ^ Det(Xx) • Det(A 2 ), 

which is compatible with the commutativity in Det (L) in the following sense. If 
X = X 1 ®X 2 and if C x : -> X x ->• X -> X 2 ->• and C 2 : ->• X 2 -s- X ->• X x ->• 
are the natural exact sequences, then we have a commutative triangle 

Det(A) 

Dct(CiL^^ \.Det(C 2 



V'DctfXi ) Det(Xo) 

Det(Ai) Det(X 2 ) — — > Det(X 2 ) Det(Ai) 



where 



Vtoet(X0,Det(x a ) : Det(*i) Det(X 2 ) Det(X 2 ) Det(Jfi) 
denotes the commutativity constraint. 4 Hence, usually these commutativity con- 
straints do not give rise to any sign ambiguities - and we often suppress them from 
the notation - except in the case that X\ = X 2 or if inverses Det(X)^ 1 are in- 
volved, for the latter see e.g. (4.1.1) and 4.11 (b) in (loc. cit.). In particular, for 
every L- vector space X, the symmetry automorphism Det(5x) : Det(A © X) = 
Det(X © X) corresponds to Deti(— 1\X) = (— l) dim M x ) under the isomorphism 
Aut Dct(L) (Dct L (X©X)) S Autrjet(L)(Deti(0)) S Autpet (L) (Det L (A)), see §4.9 of 
(loc. cit.), and one immediately checks the commutativity of the following diagram 

Det(X © X) B^£lL Det(A) ■ Dot (A) 



Dot(s x ; 




0D 



et(X),Dct(X) 



Det(A © A) Dot(Cl . ) Det(A) • Det(X) 

where Ci correspond to the above short exact sequences for X\ = X 2 = X. 

Upon replacing dimi(U) by the Euler-Poincare characteristic x(C) := -0* dim/, 

these remarks extend immediately to (perfect) complexes C of L- vector spaces. 



4 Recall that by [Del87, Example in §4.1] over a field L we can take the category of (graded) 
line bundles, i.e., one dimensional vector spaces (plus a dimension parameter), for the Picard 
category Det(L) in which the determinant functor Det^ takes its values. Then the commutativity 
constraint is given as 

Vto eti (V),Det i (W) : Dct i (y)Det i (H/) -> Det i (H/)Dct i (y), vu M- (-^dta^VjdimtW^, 

Moreover, by the natural isomorphism 

Det L (V)D C t L (V*)^Dct L (V)Dct L (Vy Det L (0) 

we may identify the inverse Deti(V)- 1 of Deti(V) with Bet L (V). But note that it differs from 
the identification using the natural isomorphism 

Det L (V*) Dct L (V) Dct L (V)* Dct L (V) S Det L (0) 

by the sign (-1)<H»00 id Deti(0) . 
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Let V be a crystalline L-linear representation of Gq p . Consider the four filtered 
L-vector spaces T>i = (Di,Fi), with Di = D cr i s (F) for each i, and the subspaces Fi 
defined by 

F 3 = Fil°D cris (F) 
Fi =^ 1 (F 3 ) 

Fa = g(F 3 ) 

F 2 = g(F 1 ) = h-\F i ) 

where g = 1 — ip and h = 1 — p^ 1 ip^ 1 . We obtain a commutative square of filtered 
L- vector spaces 



2?i 



(16) 



Lemma B.0.3. 

(1) Let 



V, 



V 4 




be a commutative square of K -vector spaces considered also as complexes 
(concentrated in degree 0). Then this can be extended to a "3 x 3' '-diagram 
in the derived category of K -vector spaces 




TC(g') 



such that the following diagram of determinants commutes (with the obvious 
commutativity and associativity constraints which we have suppressed) 



\B] 



[B'][C(h B )} 



[A][C(g)} 



[A'][C(g')} 



C(h A )][C}. 



Here C(f) denotes the mapping cone of a map f, T is the shift by one 
functor and the right lower square above anti- commutes. Equivalently the 
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following natural diagram commutes: 

[B'} [A'][C{g')] 



[B][C(h B )}-i 



[A][C(g)K[C(h A )][C])-' 



Moreover, in the above diagram all continuous arrows arise naturally from 
the cone- construction, while the dotted arrows arise from the isomorphism 
of complexes between 

C{H):A'^-^iA@B^iB 
starting in degree —2 on the left and 

C(H) : A' B > 8 A ^ B 

which is given by \Aa' in degree —2 and by the identity (and permutation of 
summands) otherwise. Alternatively, one can replace C(G) by C(H) and 
instead adjust the horizontal arrows ending or starting in it. 
(2) Applying the first item to each of the squares occurring in the "2x2x2 "-cube 
(16) we obtain an (anti-) commutative "3 x 3 x 3"-cube, some faces/sheets 
( consisting of distinguished triangles ) of which are given as follows: 



(17a) 




(17b) 



D 1 /F 1 
y 

D 2 /F 2 



(D/F) 



12 



D 3 /F 3 (D/F) 13 

a 



D±/F 4 



(D/F) 



34 



(D/F) 



24 



(17c) 




^34 >■ D 



34 



(D/F) 



34 
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(17d) 




Moreover we have canonical isomorphisms 



F\2 - 


h 


- ^34, 


■Pi 3 " 


9 


^24, 


#34 - 


id 


- Dia, 


(D/F) 12 - 


h 


- (D/F) 34 



Proof. A similar statement as in (i) can be found in [Brell, lem. 3.9] (see also 
[Knu02, cor. 1.10]) for general triangular categories, but with mapping cones pos- 
sibly replaced by quasi-isomorphic complexes. This is usually proved using the 
octahedral axiom. In our specific simple setting one can alternatively verify both 
statements explicitly. The zeroes in (ii) are the consequence of the specific choice 
of them's. □ 

Proposition B.0.4. Using canonical isomorphisms induced by the above cube we 
obtain the following commutative diagram 

[F34] [Fi] [(d / f)^]" 1 [py -1 

1 >■ [Fi 2 ][Fi][(D / •F) 2 4]- 1 [F i ]- 1 

where the the isomorphism in the first line arises by using the first lines of the above 
faces (17a), (17b), (17c) and the second line of (17d) while the isomorphism in the 
second line arises by using the second lines of the above faces (17a), (17b), (17c) 
and the first line of (17d). 

Proof. Applying Lemma B.0.3 to each of the four involved faces gives the following 
commutative diagrams: 



[F 1 }[D 1 /F 1 



[D 2 }(lD 12 })-i [F 2 ][D 2 /F 2 ]([F 12 ][{D/F) 12 ])- 1 



IDz/Fz}- 1 



[D 4 /F4-\[(D/F) 34 ]) 



{(D/F) 13 ]^[D 1 /F 1 ]^ 



[{D/F) 2A ]-i[D 2 /F 2 ]-\[{D/F) 12 \) 
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[F 3 ][D 3 /F 3 



[D 3 



Multiplying all the diagrams up and cancelling corresponding objects leads in 
the first line to the isomorphism 

[DiW^]- 1 = [F^iD/F)^}- 1 ^}^}- 1 
while in the second line we obtain 

PaMi^-W" 1 = [(D/F) M ]- l [D 4 ] 

times the error terms in parentheses 

[Du]- 1 ^}- 1 ^}- 1 - [Fia]- 1 ^]- 1 ^] -1 . 

Multiplication with the inverse of the left vertical map and cancellation of the 
[Di] = [D cr i s (V)] among each other using the identity map leads to the commutative 
diagram 

— 1 r en. i — 1 



[FaiW^D/F)^]- 1 ^, 



- [FjaWMD/F)^]- 1 ^]- 1 ([Dia]- 1 ^]^]- 1 ^]^]" 1 ^]) 1 

Using the canonical identities 

[Dl2]- l [D M ] = [F 3 4]- 1 [^12] = [^ls]" 1 ^] = 1 

we see that this error term is canonically isomorphic to the unit object 1, whence 
the claim. □ 

Corollary B.0.5. The isomorphism 1 = [i?r(Q p , V)][D cr i S (V)] given by isomor- 
phisms (9a) -(9d) in $2.5 above coincides with 

(-l) dimV 6(V). 

Proof. Using the canonical isomorphism [F4} = [D4HD4/ .F4] -1 the Proposition in- 
duces also a commutative diagram 

(18) 1 [F 3 4][F 1 ][(^/ J F 1 ) 13 ]- 1 [^4]- 1 [^4/i ;i 4] 



1 [F^WMD/F^-^D^Di/Fi] 

Now we claim that the (inverse of the) upper line defines 0(V) times [— idrj cri3 (y)] 
while the (inverse of the) lower one corresponds to the isomorphism in the Conjec- 
ture. Indeed, first note that we have natural isomorphisms 

TF 12 -4* TF 34 = H (Q p ,U), 
(D/F) 13 -J* p/F) 24 = H 2 (Q p ,U), 
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(the sign has the same origin as that in Proposition 2.5.1) and 

bg v :H}(Q p ,y) = C 4 /F 4 . 
Secondly, up to the identification expq p v*(i)' the exact sequence 



S(Qp,V): 0^H°(Q p ,V) 



^{Qp, V) -(l-y)o5Sp* 



D cris (F) 



DcrisQQ 



(where s(V) = (l — <p)(l—p V 1 ) 1 Fil° D cr i S (V^)) corresponds to the combination 
of the triangles 



F 



Fo 



Fu 



and 



F 2 ^D 2 ^ D 2 /F 2 
using that F 2 = s(V). Similarly, the exact sequence 

E(Qp, V*(l))* : — s(V) — D criB (F) 
corresponds to 

— £> 4 /*4 ► (D/F) 24 . 

Altogether we just obtain the identifications used for the second line. Concerning 
the first line consider the following commutative diagram 



H°(Q P ,^) 



F 3 



Da 



R)(Q P ,V) > 



id 



(id,0) 



* H°(Q P ,V) — D cris (F) toa. D CTis (V)®t(V) H}(Q P) y) 



<0,id> 



t(V) 

or in the derived category 
C 3 : 



Ci : F3 



C 2 : D criB (F) 



i-ip 



C 4 : 

r> 4 



C(l-p) 



(id,0) 



(l-¥>,id) 



T> cris (V)®t(V) — c((l-^,id)) 



<0,id> 



i(F) 



id 



t(V) 
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For simplicity we identify C(l — tp) = c((l — <p, id). It follows again from Lemma 
B.0.3 that there is a commutative diagram 



t(V)} -^U [D cris ][^)] ^'[^[(7(1 - mm] 



[Ci] id [tfO, 



[C-2 



[D cris ][C(l -</>)] 



[C 3 ]id 



[0(l-«] 



id[F 3 ] ^[0(i-«],[t(V)] 

C(l - 0)] 



where #i is defined by the commutativity of the left and right subdiagrams. Now 
it is easy to check that the right half of the diagram can be described also by 



[■Deris 
id[ D] 0i 

[D cris ][C(l 



[t(V)] 



^[D criB ],[t(V)] 



(j/0F3],[t(V)] o [C3])ei 



W)} 



id[ t (v)] [Ci] 

c(i - 0)] 



i.e., by looking at the diagonal we see that id[i(v r )][F 3 ] $i equals the composite of the 
upper line in the following commutative diagram 



id[F 3 ] V>[t(v)],[t(V)l 

^[J^].[*(V)] id [t(V)] 



D, 



id [t(v)] [Qi 



[t(^)][F 3 ][C(l-0)] 



id[ t (v)][C 3 ] 

(F)][F 3 ][^)]. 



Since on the other hand the following diagram commutes by Remark B.0.2 



[- id t (v)] 



[t(V)][F 3 ][t(V)}, 



we see that id[t(v)][F 3 ] $i is j us t given by 

[t(v)]m[t(H^\t(v)}[D] -^ifihmm - 0)], 

i.e., upon identifying D 3 and £>4 the map 9\ is induced by the triangles 

/'.■. • l>: ■ D 3 /F 3 
F3 — > F 4 — > F34 — >, 

and the factor [— id t (y)]. Dually there exists a map #2 : [-F3] — > [C(l — p -1 ^ -1 )*] 
which is induced by 

F 3 -> F 3 -> F3/F3 
D1/F1 -> F3/F3 -> (D/F)i3 
Fi -> £>i -> D1/F1 -> 
and the factor [— id t (y. (i))*L an d such that 6*(V) is induced by d\ and 6*2 together 
with the canonical exact sequence 

O^H}(Q p ,y)^H 1 (Q p ,y)^H 1 (Q p ,y)/H}(Q p ,y)^0 

and cancellation of the D cr j s 's. Altogether we see that 9(V) equally can be expressed 
upon cancelling the various D^s by the combination of the triangles 

Fi -> £>i -> -►, 
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D l /F l -> D 3 /F 3 -> (D/F) 13 

— >■ .F4 — )■ -F34 — ^5 

F 4 ^ D 4 ^ D 4 /F 4 ->•, 

which altogether just define the first line of (18), times [— icWy»m)«][ 
[— idD cris (v)]- This completes the proof. 



idt(v)] 



□ 



Appendix C. Comparison with Kato's rank one epsilon-isomorphisms 

In this section we explain why the construction of the cpsilon-isomorphism in 
[Venl3] actually turns out to be the same as that in this paper. This relies on 
the fact that roughly speaking both the regulator map in [LZ11] and the epsilon- 
isomorphism in [Vcnl3] arise by taking inverse limits in the unramified direction 
from objects defined over cyclotomic Z p -extensions. 

Let if be a finite, unramified extension of Q p , K x := K(fx{p)) and G = 
G(^oo/Q P ), H =< t p >= G(K/Q P ), T = G(Q Pi00 /Q p ), Z p (r) = Z p t r , e r := 
t~ r ® t r € D cr i S (Qp(r)), r > 0. Then we have the following commutative diagram 



UCtfooXr-l) — 

D\og CJK 
(l-<p)®id 

K [[X]]^®t r <- 



K u rn mer(r-l) 



(l-y)®id 



cp(X)-rO K [ 



X]]^=°®t r 



o 



K 



^ =0 ® e r <- 



SBI _1 ig)id 



K [[T}]®e r 



■H 1 (Q p ,T /f (Z p (r))) 



V *(iV(Z p (r))^=° 



-( B riB,K) ® Deris (Q P (r)) 
OT _1 ®id 

^A-(r) ® Qp D cris (Q P (r)) 

>■ H K (T) ® Qp D cris (Q P (r)) 

H(T) ® S K ®q p D cris (Q p (r)) 
T(Z p (r)) ® A H(r) ® S K 



T(Zp(r)) ®a A Tp 

where £, := t<9 — i, 9 = (1 + X)-4%, t = log(l + X) and the twisted ring 
A Tp = {x e K(G)®O k \{t p <g> 1) • x = (id ®t p )(x)} = S K 
should be compared to S n in [LZ11]. Furthermore 

T(Z p (r)) = A(G)" ® Zp Z p (r) 
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and the map is denned by 

#H-1 

6 r (A® e r ) = (1 ®t r ) O ^ r l p T-' l (\) 

i=0 

while 

w : Wjr(T) = W(T) (8 Ok = «(r) <g> S x 
sends /i ® o to ft. ® T p T p l (°)- Finally the map 

comp : ^(A(Z p (r)))^=° (b^)*"" ® K D cria (Q p (r)) 

is induced from the inverse of Berger's comparison isomorphism 

Kig, K [^ ® K D cris(Q P (r)) = B+ g>K [\] ® B + N(Q p (r)), 

(cf. [Ber04]), where B+ = O k \[X]\[\\. 

Taking the limit over K within some unramified extension K' / Q p with G(K' (fx(p)) /Q p ) 
being of dimension 2 and embedding H(T)®Soo into %^,(G) we obtain the com- 
mutative diagram 



U(^)(r - 1) fr(Q p ,T K ,(Z p (r))) 



C e (T K ,{Z p (r))) 



(fq p ,«,dH(Q P (r))®«^,(GMQ p (r))- 



T K , (Z p (r)) ® A A Tp >■ T K , (Z P (r)) ® A (G) 

In particular 

e Qp , e MQp(r)) ■*(<ip(r))- l CZ p(rU = -e , A( r ) ^- 1 (T(Z p (r))), 

where the latter e-isomorphism is the one defined in [Vcnl3, Def. 2.5]. For this we 
use also [Venl3, lemma A. 4], note the signs — £ £ -i in the definition (2.13) in (loc. 
tit.). Multiplying by (— l) r 7_i, which gives the action of 7_i on T^/(Z p (r)), has 
the effect of replacing £ with — £ on the right-hand side, and thus we obtain 

(-l)'- +1 (7-i) r e Qp ,?,^(Q P W) - Wr))- 1 ^^ = e' A( r),e(T(Z p (r))). 

The quantity (— l) r+ (7_i) r is precisely the factor appearing in the definition of the 
e-isomorphism £a l (g),z(V) m the present paper for V = Q p (r), so the isomorphisms 
in the present paper and in [Vcnl3] coincide as required. 
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